PRAJNA - Journal of Pure and Applied Sciences Vol. 24 - 25 : 30 - 37 (2017)
ISSN 0975 - 2595

SOLUTION OF N'" ORDER FUZZY INITIAL VALUE PROBLEM

KOMAL R.PATEL! AND NARENDRASINH B.DESAI?*

Assistant Professor, Applied Sciences and Humanities Department, ITM Universe,
Vadodara-390510, Gujarat, India. Email: komalpatel2121982@gmail.com
2Associate Professor, Head of Applied Sciences and Humanities Department,
ADIT, V.V.Nagar-388121, Gujarat, India. Email: drnbdesai@yahoo.co.in

ABSTRACT

In this paper we consider higher order linear differential equations with fuzzy initial values that occurs in almost all engineering
branches. Here, We find solution for constant coefficient and variable coefficient third order linear differential equation by using
method based on properties of linear transformation We show that fuzzy problem has unique solution if corresponding crisp Problem
has unique solution. We will also prove that if the initial values are triangular fuzzy numbers, then the values of the solution at a given
time are also triangular fuzzy numbers. We are going to propose a method to find fuzzy solution. We present three examples, one is
homogeneous and another is non-homogeneous linear differential equation with constant coefficient and third is non-homogeneous
linear differential equation with variable coefficient (Cauchy-Euler equation) to illustrate applicability of proposed method. We also
plot graphs to show difference between exact and fuzzy solutions. This shows that our method is practical and applicable to solve nth

order fuzzy initial value problems.

AMS Subject Classification code: 34A07: Fuzzy differential equations.
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INTRODUCTION

Fuzzy initial value problem occurs in almost
all Engineering branches. The term "Fuzzy
differential equation™ was put forward for the first
time by Kandel and Byatt [1],The fuzzy initial value
problem was studied by Seikkala [26].The fuzzy
initial problem has been investigated by many
authors so far Buckley and Feuring [7,8]; Buckley,
Feuring, and Hayashi [9]; Lakshmikantham and
Nieto [18]; Bede and Gal [5]; Bede, Rudas, and
Bencsik [3]; Perfilieva et al.[25]; Chalco-Cano and
Roman-Flores[10,11]; Khastan, Bahrami, and lvaz
[14]; Gasilov, Amrahov, and Fatullayev [17];
Khastan,Nieto,Rodriguez-L6pez [16]; Patel, Desai
[22].Gasilo et al.[13],Gomes and Barros [4,28]
proposed concepts of fuzzy calculus, analogically to
classical calculus, and studied fuzzy differential
equations in terms of this calculus. Under certain
conditions, they established the existence of a
solution for the first order fuzzy initial value problem
and suggested a solution method. Gasilov et al. [17]
benefitted from properties of linear transformations
and proposed a method to find fuzzy bunch of
Solution functions for linear equation. The method is
applicable to higher order linear differential
equations with constant coefficients.

Most of the researchers assume that
derivative in the differential equation as a derivative
of a fuzzy function in some sense. In earlier
researches the derivative was considered as
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derivative. A study in this direction was made by
Kaleva [19,20,21]. When Hukuhara derivative is
used, then uncertainty of the solution may increase
infinitely with time.

Furthermore, Bede and Gal [5] showed that a
simple fuzzy function, generated by multiplication
of differentiable crisp function and a fuzzy number,
may not have Hukuhara derivative. In order to
overcome this difficulty Bede and Gal [5] developed
the generalized derivative concept and after that the
studies about this subject were accelerated
(Bede[2]); Bede et al [6]; Khastan and Nieto[15];
Chalco-Cano,Roman-Flores[10,11,29]. But in case
of generalized Hukuhara derivatives there are four
different cases for second order fuzzy differential
equation. Khastan A.,Gasilov.N.A., Fatullayev.A.G,
Amrahov.S.E.[27], found solution of constant coefficient
FBVP. Patel, Desai [23,24] solve fuzzy initial value
problems by fuzzy Laplace transform.

In this paper we consider the fuzzy initial value
problem as a set of crisp problem using properties of
linear transformations. We solve higher order
Cauchy-Euler’s equation. For clarity we explain the
proposed method for third order fuzzy linear
differential equations, but the results are true for
higher-order equations too. The fuzzy solution
proposed by our method coincides with extension
principle’s results.

PRELIMINARIES

Definition: Membership function:
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A fuzzy set A can be defined as a pair of the universal
set U and the membership function u: U —> [0,1]
for each x€ U, the number uz; is called the
membership degree of x in A.

Definition: a — cut set :

For each a € (0,1] the crisp set

Ay ={x € Uluz(x) = a}is called

a — cut set of A.We use the notation

U =(uL,(a), Ug (a)) 0 < a <1 to indicate a fuzzy
number in parametric form. We denote u
=u;(0) and & = ugr(0) to indicate the left and the
right end-points of % respectively. an a-cut of % is
an interval [u; (a),ug(@)], which we denote as
Uy,= [ua, ua].

Definition:Fuzzy Number

A fuzzy number is a fuzzy set like U:R — I = [0,1]
which satisfies:

() u is upper semi-continuous.

(b) w is fuzzy convex i.e.(Ax + (1 — D)y) =
min{u(x),u(y)}vVx,y € R, 1 € [0,1]

(c) wis normal i.e 3x, € R for which u(xy) =1

(d)For each a € (0,1], supp u = {x € Rlu,(x) >
0} is support of u,and its cl(supp u) is compact.

Definition: Triangular Fuzzy Number:

The Triangular fuzzy number as &= (a, b, c) for
whichu; () =a+ a (b—a),ug(a) =b-a (c—b)
and u = a, u=c. In geometric interpretations, we refer
to the point b as a vertex.

Let us consider a triangular fuzzy number
u=(p, 0, q) the vertex of which is 0 (Note that p <
0 and g > 0 in this case).Then u; (a) = (1—a) p and
ug(a) = (1-a) q and consequently, a-cuts are
intervals

[(A-a)p(1-a)q] = (1—-a)[p.q]

From the last representation one can see that an a-cut
is similar to the interval [p, g] (i.e. to the 0-cut) with
similarity coefficient (1—a).
We often express a fuzzy number % as @i = u.-+
i, (crisp part + uncertainty). Here u, is a number
with membership degree 1 and represents the crisp
part (the vertex) of i ,while i, represents the
uncertain part with vertex at the origin.

For a triangular fuzzy number ii= (a, b, ¢) we have
Us,=b and,, = (a—»b,0,c—b).

Properties of Fuzzy Valued Number
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For arbitrary u =(u(r), u(r)) v = (v(r), v(r)),
0 <r < 1andarbitrary k € R.

We define addition, subtraction, multiplication,
scalar multiplication by k.
u+v =) +vr),ulr)+ o))
u—v=(ur)—v),ulr)—uv)

= zlrr-li?lLu(r)\_/(r),u_(r)_v(r),ﬁ(T)ﬁ(l‘);ﬁ(T)l’(T)},
max{u(n)v(r), w(r)v(), u(r)v(r), u(r)v)})

lew = (ku(r),ku(r)) if k=0
v { (ka(r), ku(r)) if k < o}

Definition:Hukuhara difference

Let x,y € E.If there exists z € E such that x =
y + z, then z is called the Hukuhara difference of
fuzzy numbers x and y, and it is denoted by z =
x ©y. The 6 sign stands for Hukuhara-difference
and x0y # x +(=1) y.

Definition:Hukuhara differential

Let f: (a,b) = E and t, € (a, b) if there exists an
element f(t,) € E such that for all [ > 0
sufficiently small, exists f(t, + (1) © f(to),

f(ty) Of (to, — 1)) and the limits holds(in the metric
D)

lim f(to+h) 6 f(ty)

f(ty) 6 f(to—h)
[1-0 | O

=f (to)

=lim
[1-0

Here derivative is considered as Hukuhara

derivative.
FUZZY INITIAL VALUE PROBLEMS (FIVPS)

In this section, we have described a fuzzy initial
value problem (FIVP) and concept of solution. We
investigate a fuzzy Initial value problem with crisp
linear differential equation and fuzzy initial values.
FIVP can arise in modeling of a process the
dynamics of which is crisp but there are uncertainties
in initial values.

Consider the n™ order fuzzy initial value problem
where b, (x) # 0.



by (Y™ + by (Y™™ + -+ by ()Y +bo(x)y = f(x)
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y() = 4,

y'() = 4,

y'() = 43 r ()
y"*(ﬁ =4,

Where 47, 4,, As,.....,A, are fuzzy numbers and
by(x), b1 (x), ...,by(x)and f (x) are continuous
crisp functions or constants and [ is any integer.Let
us represent the initial values as 4; = a, + @;,

A= a,t ay,...., A, = apt @, where aqa,,
ay, ....,an are crisp  numbers  while a;
gy en on , @, are fuzzy numbers. We split the FIVP in
Eq.(1) to the following problems:
Associated crisp  problem (which is non-
homogeneous)
bp()Y™ + by ()Y + o+ by ()Y +bo () = f(x)
y)=a

yD=a
) y'() = a;

yn_l(l) =ay

Homogeneous problem with fuzzy initial values

by (X)y™ 4 by ()y™ ™ + -+ + by (x)y +bo(x)y = 0

y() = a

y()=a;

y')=a;
i) = @

It is easy to see if y.,.(x) and Ju(Xx) are solutions of
Eq.(2) and Eq.(3) respectively then y (x) = y.-(x) +
Vun(x) is a solution of the given problem in Eq.(1).
Hence, Eqg.(1) is reduced to solving a non-
homogeneous equation with crisp conditions in
Eg.(2) and homogeneous equation with fuzzy initial
conditions in Eq.(3). Therefore, we will investigate
how to solve Eq.(1).To determine y (x) we consider
Linear transformation T:R™->R,T(u) =vu,
where v is fixed nxndeterminant and u =
[a;, ay, ...an]".

THE SOLUTION ALGORITHM
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3)

The solution algorithm consists of four steps:

« Represent the initial values as A;=a, + @7 ,
A,=a,+ay,...., A, =a,+ @,

e Find linear independent solutions y, (x),
Y2 (%),...... ,Yn (x) of the crisp differential
equation b, (X)y™ + b1 (x)y™ 1 +
by (x)y +by(x)y = f(x).Constitute the vector-
function s(x) = (y1(x), ¥2(x), ..., yn(x)), the
determinant W and calculate the vector-function
t()=s()W ™ = (t1(x), t2(x), ..., (X))

by formula at x = .

The Wronskain
y1(D y2(D) Yn(D)
W = : : :

2SR OIS X (O B Sy ()
and det(W) = 0 -~ W ~! exist.

e Find the solution y,,-(x) of the non-homogeneous
crisp problem.

¢ The solution of the given problems

For homogeneous FIVP

YO =t(0) @ + (%) @ + . +(X) T

@ For non-homogeneous FIVP
}7(X) = Yer (x) + tl (x) ?1? + tZ (X) ffi +
ot () @
EXAMPLES

Example:5.1 Solve the 3" order FIVP with constant
coefficient homogeneous equation.

y ' +3y"+3y'+y=0
y(0) = (—0.5,0,1)
y'(0) = (-1,0,1)
y'(0) = (-1,005) |

(4)

The problem is homogeneous and initial values are
fuzzy numbers with vertices at 0.therefore solution
by solution algorithm.y(x) =e™, y,(x) =
xe ™ and y;(x) = x?e~*are linearly independent
solution for the equationy” + 3y + 3y +y = 0.

Hence s(x) = (e™*,xe %, x%e™*) and
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1 0 0 we solve crisp non-homogeneous crisp problem
wW=|[-1 1 0 and
1 -2 2 (y"+3y"+3y +y=30e)
_ 0)=3
(00 = sCOW T = (1 (0), 6,(0), 5 (3)), ! 70 L ©
X2 y(0)=-3
— (p—X -x -X -x "
t(x) =(e™* +xe +7€2 ,xe y"(0) = —47 J
X
+x%e™* =€) And the crisp solution

Ver(x) = (3 — 25x%)e™* + 5x3e™*
Fun(x) = (e™* + xe ™™ + x*e7%)(—0.5,0,1)

+ (xe™ + x%e7*)(—1,0,1)
+£e‘x(—1 0.0.5) Yer(x) = 3(e™* + xe™* + x%e7%)
2 e —3(xe™* + x2e7%)

Where the arithmetic operations are considered to be 47 x2
fuzzy operations. -
The fuzzy solution y(x) form band in the xy-
coordinate space (Fig.1) Fuzzy homogeneous problem to find the uncertainty of
Since the initial values are triangular fuzzy numbers,  the solution is as follows:
an a-cut of the solution can be determined by
similarity coefficient (1—a), i.e. (

"+3y"+3y +y=0)
Yo () = (1 — a)[y(x), y(x)] !y :(0}; :(0},15,4(;3’) L

y’(O) = (_1'0'1)
L y"(O) = (_1'0'0'5) J

e 4+ 5x3e7*

(7)

This problem is the same as Example 1. Hence, the
solution is

Fun () = (6™ + xe™* + x2e7%)(-0.5,0,1)
+ (xe™* + x%e7%)(-1,0,1)

xZ
+Ze7%(-1,0,0.5)

10 L L L L . . L L .
0 0z 04 06 08 1 12 14 16 18 2

Fig.1 The fuzzy solution, obtained by the proposed
method, for Example 5.1

Example:5.2 Consider the 3™ order FIVP with -
constant coefficient non-homogeneous equation.

(y"+3y"+3y +y=30e7%)

! ¥(0) = (25.3,4) L “ S

,,y (0) - (_4'_3’_2) Mg 0z 04 05 08 1 1z 14 16 18 2
y (0) = (—48,—47,—46.5) x
We represent the initial values as Fig. 2 The fuzzy solution % (x), obtained by the
proposed method, for Example 5.2.Red line
A=(25,3,4)=3+(-0.5,0,1), represents the crisp solution.

E: (-4!_31_2) = -3 + (-1’0’1)’
C=(-48,-47,-46.5) =-47 + (-1,0,0.5).
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We add this uncertainty to the crisp solution and get
the fuzzy solution of the given FIVP

F(x) = yer () + Pyn (%)
= (e™*+xe™™ +x%e7%)(2.5,3,4)
+ (xe™* +x%e7¥)(—4,-3,-2)
2
+2-e7%(-48,-47,-46.5) + 5xe
In above example if we take x — oo then fuzziness in

solution is disappeared. So the solution goes nearer
to zero if we increase x.(see Fig.3)

5

0 . L L L . . L
0 1 2 3 4 a 5 7 8

Fig. 3 If x increases fuzziness disappears

Example:5.3 Consider 3™ order FIVP with variable
coefficient.

((x3D3 — 3x2D? + 6xD — 6)y = % )
y'(1) = (12,13,14.5)
\ y'"(1) = (9.5,10,11) J

(x3D3 — 3x%D? + 6xD — 6)y = %\

J y(1) =5 ! 9)
y'(1) =13
\ y”(l) =10 J

Associated non-homogeneous problem has the
solution i.e. exact solution of non-homogeneous
problem

()_—138 L3285 ,
YerX) = X T o0 ¥ T ¥

Consider homogeneous equation

(x3D% — 3x%2D? + 6xD — 6)y = 0\
}’(1) = (_11011)
y'(1) = (—1,0,0.5)
\ y"(1) = (-0.5,0,1) J

(10)

The problem is homogeneous and initial values are
fuzzy numbers with vertices at 0.therefore solution
by solution algorithm.y, (x) = x, y,(x) = x? and
y,(x) = x3 are linearly independent solution of
equation

(x3D3 — 3x2D? + 6xD — 6)y =0

Hence s(x) =(x,x? ,x3 )and

And
t(x)=sQOW ™! = (1 (x), t2(x), t3(x))

3
t(x) = (3x —3x?% +x3,—2x + 3x% — x3,§ —x%+ %)

25

20

1 1.1 12 13 14 15 16 17 18 189 2

Fig.4 The fuzzy solution, obtained by the proposed
method, for Example 5.3

The fuzzy solution is

Fun(x) = Bx — 3x% + x3)(—1,0,1)
+(—2x + 3x% — x3)(-1,0,0.5)

+ G—x*+ ";)(—0.5,0,1)
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We add this uncertainty to the crisp solution and get
the fuzzy solution of the given FIVP

F(x) = Yer (x) + Pyn (%)
= (3x —3x%2+x3)(4,5,6)
+(—2x +3x% —x3) (12,13, 14.5)

3
+H(S—x2+2(951011)- -

1

SOv) — 2 _ 2.3
y(x) = —6x + 14x° — 3x San

25

20

1 1I1 1I2 1.‘3 1I4 1I5 WIE 1.‘7 1‘8 1I9 2
Fig.5 The fuzzy solution, obtained by the proposed
method, for Example 5.3.Red line represents the
crisp solution.

In above example if we increase x and as we take
x — oo then fuzziness in solution increases and goes
to infinite.

&t}

50

40

30

1 12 14 168 18 2 22 24 26 24 il

Fig. 6 If we increase x fuzziness increases

Example:5.4 Consider a unit mass sliding on a
frictionless table attached to a spring, with spring
constant k =16. Suppose the mass is lightly tapped
by a hammer every T seconds. Suppose that the first
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tap occurs at time t = 0 and before that time the mass
Is at rest. Describe what happens to the motion of the
mass for the tapping period T =1.

Mass tapped periodically with a hammer.

Fig. 7

x'(t) + 16 x(t) = sint
x(0)=0
x'(0)=1

(11)

Consider the homogeneous equation with fuzzy
parameters.

x'(t)+16x(t) =0

x(0) = (—1,0,1)

x'(0) = (=0.5,0,1)
The problem is homogeneous and initial values are
fuzzy numbers with vertex O therefore solution by
solution  algorithm.  x;(t) = cos4t,x,(t) =
sin4t are linearly independent solution for the
equation x () + 16x(t) = 0

(12)

Hence s(t) = (cos4t, sin4t) and
_1r 0
w=lo 4

and y(t) = (y1(t),y2(0))

Here y(t) = (cos4t, (1/ 4) sin4t)

Xyun () = (cosdt)(—1,0,1) + (1/ 4)sin4t(—0.5,0,1)
Crisp solution of given non-homogeneous problem
X (t) = (7/ 30)sin4t + (1/15)sint .

X(t) = xer (£)+ X0 (0)

=cos4t(—1,0,1)+(7/30)sin4t(0.5,1,2)
+ (1/15)sint = (7/ 30)sin4t + (1/ 15)sint
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where arithmetic operations are considered to be
fuzzy operations. the fuzzy solution %(t)form band
in the tx-coordinate space.(Fig.8)

Fig.8:The periodic fuzzy solution by properties of
Linear transformation

If we apply periodic force to block, it will move in
given open interval that we denote by triangular
fuzzy number, Here the damping force is negligible.
The spring mass system occurs in all most all
engineering branches as well as in the many real life
situations.

CONCLUSIONS

In this paper we have represented the fuzzy initial
value problems as a set of crisp problems. We have
proposed a solution method based on the properties
of linear transformations. For clarity we have
explained the proposed method for third order linear
differential equation but it is applicable for nth order
also. Here we have solved third order Cauchy-Euler
equation i.e. we solved variable coefficient initial
value problems based on the properties of linear
transformations. We also solved one application
level problem.

AIM AND SCOPE OF THE WORK

The aim of paper is to find solution of any Fuzzy
differential equation having uncertain initial
conditions. In future we are going to solve Fuzzy
differential equations having the applications in
different branches of engineering. we will solve
higher order FBVP based on the properties of linear
transformations.
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