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Introduction

The concept of fractional vertex covering
number is a fractional version of vertex covering number.
A fractional vertex covering function has its range
contained in [0, 1]. The fractional vertex covering number
ofthe graph G isless than or equal to the vertex covering
number of the graph. The vertex covering number of the
graph depends on the number of edges in the graph. Infect
if some edges are added in the graph, the vertex covering
number is likely to increase but it will not decrease. For
example, the vertex covering number of a path with five
vertices is 2 but the vertex covering number of the
complete graph withfive verticesis 4.

In this paper, it will be proved that the fractional
vertex covering number of a regular graph with n vertices
is 2. Of course, the only exception is the graph with no
edges. Thus this fractional vertex covering number does
not depend on the number of edges. This result can be
extended to those graphs which contain Hamiltonian

cycles.

Preliminaries and Notations: If G isagraphthen V(G)
will denote the vertex set of the graph G and E(G) will
denote the edge set of the graph G. If Sis asetthen| S |
will denote the cardinality of the set S. If ¢ is anedge of
G, u and v arecend vertices of ¢ then we write e=uv or
e=vu.

If 1 isafunctionfrom V(G) to [0, 1] thenfor
any edge e=uv, we will write /" (uv) =/ (u) + f(v). The
weight of the function /. V(G) — [0, 1] is denoted as w(f)
anddefinedas w(/)= > /().

vel (G

A regular graph( i)n which the degree of each
vertexisk (k>1)iscalled ak —regular graph. In this paper,
only finite, simple and undirected graphs are considered.

Definition 1: (vertex covering set) A subset S of
V(G) issaidtobeavertexcoveringsetof G ifevery edge
of G hasatleastoneendpointin S [4].

Definition 2; (minimum vertex covering set) A
vertex covering set of the graph G having minimum
cardinality is called a minimum vertex covering set.
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Definition 3: (vertex covering number) The
cardinality of a minimum vertex covering set is called the
vertex covering number of the graph G and it is denoted as
o, (G) [4].

Definition 4: (vertex covering function) A
function f: V(G) > {0, 1} is said to be a vertex covering
functionif f'(uv)=/(u)+f(v)>1forevery edge uv of
the graph G.

Thus the characteristic function of a vertex
covering set is a vertex covering function. Motivated by
the above definition, [4] defined fractional vertex
covering function.

Definition 5: (fractional vertex covering
function) A function f: V(G) — |0, 1] is called a fractional
vertex covering functionif /' (uv) = f(u) + £ (v) =1 forevery
edge uv ofthe graph G [2].

Definition 6: (minimum fractional vertex
covering function) A fractional vertex covering function is
said to be a minimum fractional vertex covering function
if its weight is minimum among all fractional vertex
covering functions defined on V(G).

Definition 7: (fractional vertex covering
number) The weight of a minimum fractional vertex
covering function is called fractional vertex covering
number of the graph G. Itis denoted as o, (G).

Theorem 8: If G isa k-regulargraph (k>1)
with n vertices then the fractional vertex covering number
of G is equalto%.

Proof: If fis a fractional vertex covering function
of G then, ,,— S e % (sincenk=2|E(G)|).
e €E(G)
If we calculate this number m using vertices of
the graph G then each vertex v contributes k /(v) and thus

m= Y kf=kw(f).

veV (G) nk

Hence W(f)Z% )

Thus the minimum w(f) could be 5. Infect this
minimum weight 5 is also achieved by a function which
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is also a fractional vertex covering function. It is defined
as f(v) = % forallve V(G).

Thus 0,(G)=%5 u

Remark 9: By the above theorem, if n>2 then
the fractional vertex covering number of a complete graph
K, is 5 . Also for the Petersen graph which has 10 vertices
and which is 3 — regular, the fractional vertex covering
number is 5. It may be noted that the vertex covering
number of the Petersen graphis 6 and the vertex covering
number of the complete graph K, is 9.

o=

b=
o=

b=
o=

Figure 1: Petersen Graph

Lemma 10: Suppose that H, and H, are two
regular graphs with V(H,) = V(H,). Also suppose that H
is a graph such that V(H) = V(H,) with E(H,) c E(H)
E(H,) theno, (H)= 5 ,where n is the number of vertices
in H.

Proof: Itis clear that o (H,) <o, (H)< a(H,).
Now a.(H,)=o,(H,) =g )

Hence o (H) = g ]
Corollary 11: Let G be a graph which contains a
Hamiltonian cycle and has nvertices then o (G) = g .

Proof: Let C, denotes the Hamiltonian cycle of
G. H, denotes the subgraph of C, and H, denotes the
complete graph whose vertex setis V(G).

Now o (H,)= g and o(H,)= g

Therefore by Lemma 10, o (G)

n
n.

Definition 12: (Cartesian product) The
Cartesian product of two graphs G and H is denoted by G
[1H. For this graph V(G L1 H) = V(G) x V(H) and ((u,u’),
(v,v") eE(GJH) ifandonly if u=v and (u’,v") e E(H)
or u'=v'and (u,v) €E(G) [3].

The Cartesian product P, [] P, of two path

graphs P, and P, is called a grid graph and it is denoted as
P

Grid graphs have occupied an important place in
graph theory due to its applications in engineering and
computer science. In the following example, we provide
the fractional vertex covering number of a grid graph.

Example 13: For m, n > 1, consider the grid
graphP_ then

(@) If mor niseventhen P, has Hamiltonian
cycle and therefore the fractional vertex covering number
of P, isequalto %

(b) If m and n both are odd then the fractional
vertex covering numberof P, isequal to 777~

P,LIPs

Figure 2 : Grid Graphs

The above example also shows that the fractional
vertex covering number of a graph with n vertices may be
less then % The Cartesian product of two complete graphs
has also been of great interest in graph theory.

Remark 14; If we consider two complete graphs
K, and K, then their Cartesian product K, [ 1K, isregular
(with each vertex having degree m + n — 2). Therefore by
Theorem 8, the fractional vertex covering number of K [

K, is % .
We prove the following result onbipartite graph.

Theorem 15: If G is a bipartite graph with n
vertices then

n
—, if nis even
a,(G)<

n-1

—if mis odd.
5 S if

Proof: Let {V,, V,} be the bipartition of the
vertex set V of the graph G. Suppose that | V, | <| V,|. Now
define a functionf from V(G)to [0, 1] as follows:

L ifxel,
I = 0,if xeV,

Then obviously f'is a fractional vertex covering
function of G. Therefore fractional vertex covering

number of G is o, (G) < weight of afunction/= | V,|< 2.
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Suppose thatn isodd with | V,|< |V, ]|, then| V||

B

l\.)|
L

2
Corollary 16: If T is a tree graph with nvertices

n—1

Thus o, (G)< [ ]

then

-, lf‘nlS even
<
(Xf(T)_ 1

— . if nis odd.
5 if

Corollary 17: If Pis a path graph with n vertices
then "

—, if nis even
a (Py=1 2,

——, if nis odd.

2
The fractional vertex covering number of a star
graphwithnverticesis muchless than .

Example 18: Consider any star graph with n
vertices then its fractional vertex covering numberis 1.

Figure 3: Star Graph

It is known that the fractional domination
number of a tree graph is an integer [1]. It seems that the
fractional vertex covering number of a tree graph should
be aninteger. We have the following:

Open Problem: Is the fractional vertex covering
number of a tree graph necessarily aninteger ?

References

[1] G. S. Domke, S. T. Hedetniemi and R. C. Laskar,
Fractional packings, coverings and irredundance in
graphs. Congr. Numer. 66 (1988)227-238.

[2] P Dankelmann, D. J. Erwin, G. Fricke, W.

Goddard and H.C. Swart, Minimal and Maximal

e=1Functions. JCACC. 36 (2001) 127-138.

[3] Douglas B. West, Introduction to Graph Theory

(Second Edition). Pearson Education. (2005).

[4] T W. Haynes, S. T. Hedetniemi and P. J. Slater,

Fundamental of domination in graphs, Marcel

Delkker, Inc., New York, (1998).




