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Introduction and Preliminaries

Error function is used in measurement theory
(using probability and statistics), and although its use in
other branches of mathematics has nothing to do with the
characterization of measurement crrors, the name has
stuck. The Error function is a function which occurs in
probability, statistics and partial differential equations.

Error function plays an important role in the
theory of the normal random variable and probability
determination.

In the present paper we compute the nth
derivative of the error function in terms of Hermite
function by using Power series representation of the error
function, which is also used to discuss the relation of errot
function with confluent Hypergeometric function and
incomplete gamma function. We compute the Laplace
transform of the error function and suggest a
generalization of the error function. We solved one
dimensional Initial boundary Value problem for one
dimensional diffusion equation in terms of error function.

Gamma function (Rainville[1]) is defined as
(H

Incomplete Gamma function (Rainville[1]) of
firstkind is

I(o)= .[Owe”t“’ldt, Re(@)> 0

¥ (o, x) = J‘Oxe"t“’ldt )

Incomplete Gamma function (Rainville[1]) of
second kind defined as

[o,x) = Iweﬁt“*ldr 3)
Error function (Rainville[1]) defined as
erf (x)= %J‘: exp(~1*)dt, Xisareal(4)

and complementary error function (Rainville[1])
defined as

erfe(x) = % J.jexp(—t2 )dt, xisareal(5)

A Hypergeometric function pFq (Rainville[1])
defined as
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where no denominator parameter bq is allowed
to be zero ora negative integer.

Kummer's Theorem (Rainville[1]) states that b,
is neither zero nor negative integer then

a,b; - x) @)
Laplace transform (Rainville[1]) of f(t) defined

lFl(a;b;x):e‘ F (b—

as

L{f(n}= J.e’”f(t)dt, Re(s)>0 (®
Fourier transform (Lokenath Debnath[2]) of f(x)
is denoted by

F{f(x)} =F(k), keO and defined by the

integral
1

Jon

Inverse Fourier transform (Lokenath
Decbnath|2]) of f(x) is denoted by

F-YF )} = f(x)isdefined by
1 1 [
FHRm=f == [

Fourier sine transform (Lokenath Debnath|[2])

defined by
’2 “
11:_".0 sinkx [(x)d Hermite

Fif(0) = Fk)=— [e®f(mdx (9

“Fkyde (10)

FA/y=F )=

polynomials Hn(x) and its recurrence relations
(Rainville[1]) define as

n
(5

2 cormeotr A
H"(x)_kz:o Kln—2k)!
H (x)=2nH, (x) (12)
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Hx)=2xH, (x) -2m-DH, ,x) (13)

Rodrigues' formula for Hermite polynomials
(Rainville[1]) givenby

H, (x)=(-D"exp (x*)D"exp (-x*)
The Error Function

The Normal distribution was first introduced by
de Moivre in 1733 inthe context of approximating certain
Binomial distributions for large n. His result was extended
by Laplace in his book Analytical Theory of Probabilitie
(1812) and is now called the Theorem of de Moivre-
Laplace. Laplace used the normal distribution in the
analysis of errors of statistical distribution. The important
numerical method of least squares was introduced by
Legendre in 1805. Well-known Normal distribution
define as

1 I x-pY[
A= exP{ 2( c j} (14)

—0<x<xo >0

Considering n=0and ¢=1, the standard normal
distribution defined as

e Zﬁexp{—%xz}; —o<x<m (1)

Gauss considered the integral

1=| J;? exp{—%uz}du (16)

Aboveintegral canbe written as

1 :
1= = [ep (17

Gauss studied this integral in the range —x to x
and he found that this integral is the error of normal
distributionin terms of function as

erf (x) = \/1; Jiexp(—tz)dt

exp(—1*)dt

Y

(18)

=3 i =i i 1
X

B

Figure 1: Graph of error function

By considering integral (17) inthe range —coto
oo and using definition of Gamma function, we get

[ ew-r)d =r
. o ) _ ﬁ
ie. Io exp(—t7)dt = 5

This canbe written

as% qox exp(—>)dt + Lwem(—tz)dt ) =1,

this gives the definition of complementary error function
as

erf.(x)= % L:Oexp(—t2 Yt

IR O (19)
1 \/T?Ioexp(t)dt
=l—-erf(x)

Figure 2: Graph of complementary error function

Flementary Properties of error function
1. erf(x) =1

2.erf(0)=0

3.erf(—o)=-1

4. erfe(0) =1

S.erfe(0)=0

6. erf(—x)=—erf(x)

7. erfe(—x) =1+erf(x)
8.erfe(—x)+erfc(x) =2

Series Form of Error Function

Since the series for ¢ converges absolutely and
uniformly forallte R, we have
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rf (x)= % [(ela

(= 1) i
I I B (20)
(_1 ) xln +1
In view of the convergence behavior of the
series, we further have term by term differentiation of (20)
withrespectto x, we get

d 2 & (=D earx”
dx(”f("”‘fg nl 2n+l
2 ) (_xl)n
=_Z :
= nt QD
2
=—=¢
T
Second differentiation
2 d _
erf (x))=——
( (%)= Tr dr )
ives e 22)
\Y =——=
s NG
2 2
=—=(2xe
JT?( )
Third differentiation gives

d? 4 2
—_ 1_2 2N —x
oz (erf(x)) = (1-2x7)e o

2 >
=——(4x’-2)e™
= ( )
Now, we will derive following expression for n

derivative of error function by using mathematical
inductiononn,

%(erf(x)) - <—1>"%H,H e (4
where H, is the Hermite polynomial

Fromequations (21) to (23), result (24) is true for
n=1, 2, 3. Assume that (24) holds for n=k. So by induction
hypothesis and using (12) and (13), we get

k+1

d k
d,m(erf(X))— { k(erf(X))}

2 .
_y 2Ly -
( )JTT (e ]

2 o [2(k 1)

= (-1 —
()\/;

2 [2xH, ,(x)-2(k-DH, ,(x)]

— (_1)k+1 \/__

Je+1 H (x)e—x

= (-1) J-

Therefore, by mathematical induction equation
(24) holds. Using integration by parts, we get following

H, ,(x)-2xt, ,(%)]

[ erfdt=xerf )+ % (€ -1, x>0 (25)
0 bl
[ erfetrdt =xerfe(x) + %(1—(/2), x>0 (26)
0 T

o 1
jo erfe(t)dt = = 7)

[ferar= \éi(erf(b) _erf(@), b>a (28

The Series form of an error function (Taylor's
series atO) is

Lo 1o
R
1 o
+108\/Ex

where the series in right hand side is absolutely
and uniformly convergent. Hence

29

3 5 7 9
X X X

Xt ——
3 10 42 216 (30)

Relationship With Confluent Hypergeometric
Function

erf(x) = %

From equation (20), we get

erf (x)

B 2 w0 (_l)n x2n+1

- ﬁ ' n! 2n+1
1

(13
T (n fJ o

Using Kummer's theorem (7), we get

2x . 13
erf (x)=—e* F|=;=:x?
Relationship With Incomplete Gamma Functions
Incomplete Gamma function of first kind is

y(%,xzjzjoz et ZdI—ZI ' dy

Therefore,

YG,XZ]=\/;€FJ”(X) (33)
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The incomplete Gamma function of second kind

1
F(—,xzj
2

hence,
FG,xz}ﬁ erfex) =T (1 —erf (x)) (34)

Laplace Transform of an Error Function

is .
J‘:e”tﬁdt = 2.“:) e’ dy

From definition of Laplace Transform
Llerf(1); s] j j e dudt

Since ¢ is bounded and continuous for every
t (—o°< t<<2), changing the order of integration we get

Llerf(t),s] = Nl j j e dthu
21 J' o) gy,

ﬁz :
s\/_ J. (u+ )

By takingu +s/2= X, we get

2 = .
L[erf(t);s]zs\/;e J:; “dx

This reduces to,

Llerf(1),s] = le erfc(—) (35)

1/2

Similarly, the Laplace Transfonn of erf(t™) is
obtained as

L ” 2 ,% 5
23\ — — st —
Llerf(t?),s]= J.O e _\/T? J.O e " dudt

As ¢’ is bounded and continuous for every
1 (—°° < t <22), by changing the order of integration, we

get 1 7
L 2y ¢l —
erf (17):s1=—= [ e

2 1J' Tty
T 590

2 o0
7” J. 2e“v'dtdu
U

2 0 7(1+s)u2
= e du
SVT J.O
Taking substitution (1+s)u’=x", we have

du = SO,

dx
Vl+s

Pygle 2 [
l’[erf(t ),S]_S\/T?\/mjlo €

1 2 o 2
S i R
s l+s[\/7?'.‘°e j
Hence,

1
Llerf(t):.s]=

A Generalization

(36)

1
sil+s

A generalization of error function (4) is

E (=21 [[e"ar €0

where n z 0,1,2,....
immediately follows from (37),

The following results are

< [1-¢ |
El(x)—\/% e’ t:intl ;J
E,®=erf(x)
Vl' ( 1) nk+1
B =7 z(nk+l)'k'

£ x)

=3

Figure 3: Graphof F,(x) case

AnApplication

Consider, the initial-boundary value problem for
the one-dimensional diffusion equation with no sources or
sinks

au o

6 az,—oo<x<oo,t>0, (38)
t x

where is a diffusivity constant, with the initial
condition

u(x,0)= f(x), —0<x <0 (39)

This problem can be transform in the following

system
U,=—=xkU, t>0,

Uk,0)=F(k)
The solution of the above systemis
Uk, = F (ke ™"

The inverse Fourier transform gives the solution

u(x,t) = J_ j F(expl (ke —x k)] dke (1)
Applying Convolutiontheorem,
1 @
ued)=—=[ f@gr=8)d (42)

where,
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- Py S 1 _x_z
=S e = roen-10)

Therefore, solution (42) reduces to

1

Vanxt

_(x-¢y (44)

Akt

u(x1) = I Zf(i)eXp[ }d&

Using change of variable

S—x dag
Kt

2t Nt

to express solution (44) in the form

=C, d =

Lo 2
u(x 1) \/1T_J:wf(x+2\/EQ )exp(=¢ 2)dg (45)
This integral is convergent for all time t > 0 and
the integrals obtained from (44) by differentiation under
the integral sign with respect to x and t are uniformly
convergent in the neighborhood of the point (x,t). Hence,
the solution u(x,t) and its derivatives of all orders exist fot
t>0.

We consider a special case involving
discontinuous initial condition in the form f(x) = T,H(x)
where T, is constant. In this case solution (44) becomes

To “ (x_E_’)Z
u(x= |, exp{—T}d% (46)
By putting

_&-x
i

solution (46) can be express in the form of error function

as T oo o T x
1)=—2 L eNdn==2 | ——
u(x.0) \Ejme h Zerf[ NEJ
7, x
ZT{HW(MEH
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