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been proved here.

Key Words: Banach fixed point, common fixed point, uniqueness

Krishna Patel, G

ol. 21

A CO

Unive

STRA

of Banach's fixed point theorem. This theory has taken care of the

land s
onverg

126 -29 (2013)

MMON FIXED POINT THEOREM

. M. Deheri
rsity, Vallabh Vidyanagar, Anand, 388120

CT

trengthen some of the well established variants of Banach's
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INTRODUCTION

The well known classical Banach Fixed Point
Theorem reads as

Let (x,d) be acomplete metric spaceand 7: X —» x
satisfying (7 (x).7 (y))<kd (x.y)  VxyeX

and some & with 0 £ &£ <1. Then 7 has has a unique fixed
pointin X

This Theorem was generalized in certain
direction by Browder and Petryshyn[1].

To start with the following result has been
established which deals with the generalization of a
variant of Banach fixed point theorem whichis [5]

“Let X be a closed subset of a Hilbert space and

T :X — X be a self mapping satisfying the following
condition:

fe-tyl|re—x| ey fLe re—x]

Ix-Ty|<a
e W e S Y e
o sl benl]
Loy

forall x,ye X with x# y where g,'s are non negative
real numberswith 0 <a, +a, +a, <1

Then 7 has a unique fixed pointin.X".

Theorem 1: Let X be a closed subeset of a Hilbert space
and 7 :X — X be aself mapping satisfying the following
condition:

ety Plre=s? | Je=toff | efre—of'|

HTx—TyH2 <a
S e Lo feff
e —off [+ -] :
+a, > +a4Hx—yH
L]

forall x, y € X with x # y.where a,'s are nonnegative
real numbers withO < a, +a, +a, <1.

Then 7"has a unique fixed point in X

Proof: Let x, be any arbitrary point in X. Let us
define a sequence §x, }asfollow:

x, =Tx,,
x, =Tx,,
x , =TIx

Now, we proceed to show that the sequence {x,, }
isa Cauchy sequence. Forthis observe that

= HTxn -Ix ‘
By the hypothesis one can observe that

X

ntl xn

v —x|f<a x, —Tx,, ZHTxn—xn i x,— 1%, 5 [+‘Txn_xn 2:|
nil T M| = 14[x, x| 2 2 Y —_ >
‘Txn -x, i [+ x, —Tx | 2
e 1+|x, —x, | A X
n n-1
which gives
2 2 5 )
S R g e | B
Hxn+1 an a, 1+ Hxn _xn71H2 a, " Hxn - xn?le
X =X 2[+ x —x P
+a3 H n+l 1_‘—nx _xH nHz nH +a4Hxn _xmle
n n—1
implies
2 xn+1 - xn ’ 2
X, =X, <a, ~+a,lx, - ;H‘
I+|x,—x,, ‘
leading to
2 s )
X, —X| +|x,—x_ ‘ X —x,
2 2 ;
< a3 xn+1 _xn + a4 xn _xnfl ‘ + a4 xn _xnle
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a,+a,+a, <1,
one gets

2 2
a4 |xn _xnfl | <| xn _xnfl |

gives that

a4 +a4 |xn _xnfl |2<|xn _xnfl |2 +1_a3 .

Continuing in this way, we find some s < 1such

that |x,,, —x, P<y” b —on2 foralln =1
Consequently,
%, —x,|—>0as n—>o

Hence, {xn}is a Cauchy sequence in X, so by the
completeness of X, thereexists neX with limx, =p

n—w

Also, {X,M }= {T xn} is a subsequence of {r} and hence
converges to the same limit K.

Since, 7'is continuous, one arrivesat 7' (L) =p
Thatis,pisafixed pointof 7.

Next, to show the uniqueness of the fixed point
letustake v ¢ # 1) tobe another fixed point of T

thatis, 7y =y
and [p—y|=0
Now, itfollows that

=] = |ru-1y[

e
T+ |u-v[ T+ i = [
b= ulP {1 -y ] )
a, ; +a,|p-v|
1+|p—7|
HM_YHZ 2
<a, - ——+a,[n-v
L+ u—7|
which implies that

=y "+ —v[" <arn—y|" +a,|u-v["
+a,lu—y['
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After simplifying this one finds that leading to
2
2 2 a,+a,+a,|n-vy
T i e I Y,
I =v]
where since
[a4 +a4 xn _xnile] a2+a4+a4HH2_YH2 <1
p(n)= : <1, Vnzl 1 =]
[xn - xnfl‘ +l—a3]
one concludes that W =, because
because 0<a,+a,+a, <1

resultsin
a, lp=y P<lp-y

Observe that the convergence is much more
improved here.

Definition: Common fixed point

Let /7 be a Hilbert space and .S, 7:/{ — H be two
mappings. A point x is said to be acommon fixed point of S
and Tif T (x)=x S(x).

On common fixed point theorems for three
mapping in Hilbert Spaces: Koparde and Waghmode [2]
extended the result of Jungck [3] and Fisher [4] regarding
the existence and uniqueness of common fixed points.
Here, we proceed to extend and sharpen the main result of
Koparde and Waghmode [2] by modifying their
procedure.

The incoming result deals with common fixed
point theorem, wherein the convergence aspect has been
duly addressed.

Theorem due to Koparde and Waghmode: Let
S and 7 be continuous mappings of a Hilbert space X into
itself. Then S and 7 have a common fixed point in X iff
there exists a continuous mapping 4 of X into SX + 7X
which commutes with.S'and 7" and satisfies the inequality,

HAx—AyH SOLHAx—SxH+ B HAy —TyH +y HSx—TyH

forallx, yinX; o,B,y arcnon-negative reals with
O<a+B+y<1. Indeed, S, 7 and A then, have a unique
common fixed point.

Theorem 2; Let Sand 7'be continuous mappings
of a Hilbert space X into itself. Then S and 7 have a
common fixed point in X iff there exists a continuous
mapping 4 of Xinto SX + 7X which commutes with S and
T and satisfies the inequality,

| =y < ouf =Sy - 73]
+ By~ y|Jse 13|
+y[Sx =Ty |[rx— 8y +8 [T -7y
forallx, y in X; where o, B.v.8 are non-negative

reals witlo <o +p +v +8 <1 . Indeed, S, 7and 4 then, have a
unique common fixed point.

Proof:Firstly, we prove that the existence of such
amapping 4 is necessary. For this suppose, Sz =z = 7z for,
inX

7
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Define a mapping 4of X into X by Ax = z for all
x in X. Then clearly, 4 is continuous mapping of X into
SXNTX.

Since, Sx, Tx € X, for all x € X and Ax = z, for all
x €X, one gets
ASx =z,
SAx =5z =1z,
ATx =z,
TAx =Tz =z
Hence, 4 commutes with S and 7. Now, for any
o, B,y.0 Witho <o + B +y+8 <1, itisnoticed that
e~y Sorr— S5
By 1|7y
STy 1~y +8] 1y

This proves the existence of such a mapping A4 is
necessary.

To prove the sufficiency, a sequence {x,} is
constructed as follows. Let x, € X be an arbitrary point.
Since AX cSX, we choose a point x, in X such that Sx,=
Ax,. Also, AX C TX and hence we can choose x, € X such
that 7x, = Ax,.

Continuing in this way, one finds a sequence {x,}
asfollows:

Sx,, , =Ax,, ,, Tx,, =Ax, , n=1,2,3,...

Next, proceed to show that {4x,} is a Cauchy
sequence.

Forthis one arrives at the inequality,
Hszn+1 = Ax,, Hz <a Hszn+1 = Ax,, HHszn = Ax,, H
+ B Hszn - AxZn—l HHszn - AxZn—l H
+v Hszn —Axy, HHszn —Axy, H

+8 [ Ax,, = Axy ||

<q |: ‘ Ax2n+1 _Ax2n
o=t

2

HAXZn - Ax2n—1
2

2

2
4
T

+(B +y +8)Hszn _Ax2n—1
which gives

Iy — ey, < [0‘*2[“2“/*25

2—o
Similarly, one concludes that

(

Since, 0 <o + B +y +8 <1, itfollows that
O<[(x +2B +2y +28j<1

2—-a
This results in
|Ax,,, — Ax,|” < 27| Ax, - Ax, |

o +2P +2y +28
2-a

’<

Hszn - dx,, |

‘ 2

JHsz;H - Ax,, ,

forall n, where - a+2p +2y +28

2-—
Now, it canbe seenfroma silorclple calculation that
{A4x,}is a Cauchy sequence and so it has a limit z in X
Since sequences {Sx,,.,} and {7%x,,} are sub sequences of
{Axn}, they have the same limit z. As S and 4 are
commuting mapping, it is easy to see that Sz = Az
Similarly, one gets 7z=Az
Now, it canbe observed that
HAZ - AAZH2 <o HAZ - SZHHSZ —T4z H
+B HAAZ - TAZHHSZ —-T4z H
+y HSZ —-T4z HHTZ - SAZH +5 HTZ —T4z H2
Since, 7z=Az =Sz oneobtains |44z —T4z|=0
as A commutes with Sand 7.

Hence one concludes that
l4z- AAZ"2 <o +y +8)||4z - AAZ"2

Since o +y +3 <1, this gives Az=A4A4z

Finally, putting Az = z,, one can have 4z, = z,,
1z=z, and Sz,=z,, which means z, is a fixed point of S, 7
and A.

Next, to show uniqueness of this common fixed
point, letus suppose that z, is also a common fixed point of
S, Tand A otherthanz,, thenSz,=7z,=4z,=z,.

Note that||z — z,| > 0.
Now, itfollows that

Hz1 —22H2 SOLHAZ1 —SZIHHSZZ —TZZH
+ BHAZ2 —TZZHHSZI —Tle
+7 Sz, =1z, ||I2, - Sz, |

+8 Iz, —T22H2
whichleads to
llz - 2 "2 <@ +8)a-= "2

Thisyieldsz,=z,.

A comparison of the form of the inequalities
given here and proved in a theorem by Koparde-
‘Waghmode makes self evident that the current result is
significantly improved and the current result is more
sharpened as the convergence remains faster.

Conclusion

The methods adopted in the proofs of fixed point
theorems reveal that yet there are various directions in
which the Banach's fixed point theorem can be refined and
extended retaining the convergence. A close look at the
results found in this work indicates that there exist at least
a couple of directions to improve the rate of convergence
aswell.
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