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ABSTRACT
This article extends the weighted ratio-type variance estimator of the Horvitz Thompson estimator, suggested by Patel and 
Chaudhari (2006), for the generalized regression (GREG) estimation. The suggested variance estimator based on the empirical 
mean squared error yields some gain over the available variance estimators in simulations when the underlying assumptions are 
satisfied.
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SIMULATION

    A finite population of size N =400 was created.The characteristics  
  and  for the unit were generated using the model 

                         , i = 1, ..., N  

for specified values of 
independent of                    . Thus  the mean, variance and coefficient 
of variation of x are given by and .
Further the mean of  is , variance  of  is 
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Two versions of Yates-Grundy type variance estimators of V  are

                                      and                                                      (3)

where

TINTRODUCTION
Recently more attention has been given to the generalized 
regression estimator of the finite population total. Some of the 
reasons are given in Särndal (1996). Important references on 
GREG estimation and on its variance estimation are Särndal 
(1980, 1996), Robinson and Särndal (1983), Wright (1983), 
Särndal et al. (1989, 1992), Deville and Särndal (1992), Kott 
(1990), Chaudhuri and Maiti (1994), Singh et al. (1999) and  
Duchesne (2000) and references cited there.
Following the notations of Patel and Chaudhari (2006), we 
postulate the model
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Where β, σ  > 0 are the parameters. Here E (.), V (.) and C (.) 
denote ξ- expectation, ξ- variance and ξ- covariance.  Under 
Model (1) the GREG- estimator of  Y = Σ y  is given by
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where                                     is the g-adjustment factors, 

 is the Horvitz. Thompson estimater of x = x  and q is chosen 
by the user.
    The estimator          is optimal in the following way: Starting 
from the basic estimator                with  a = 1/ ,  create a  new 
estimator          with weight lying as close as possible            
to  the basic weights , subject to the calibration           
constraint                    when the distance to minimize is given    
as                    ,  where  c ’s   are constants, the optimal weights

are  precisely
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The Taylor expansion variance for the GREG – estimator (See, 
Särndal et al. 1992) is 
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    Kott (1990) proposed an estimator of (see Appendix A) that is 
design-consistent and model-unbiased. Chaudhari and Maiti 
(1994), following Kott's estimator, suggested various model-
assisted estimator of .

   We suggest in the next section an estimator of 
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To study the 
repeated sampling properties relative to standard one a limited 
simulation study is conducted in Section 3. The conclusions and 
recommendations are given in section 4.

   Patel and Chaudhari (2006) suggested a - weighted ratio- type 
estimator ( ) for the variance of Horvitz- Thompson estimator of 
population total. They showed that this estimator is asymptotically 
design-unbiased (ADU) and asymptotically design consistent 
ADC). Empirically this estimator has performed very well when 
the relationship between  and  is linear passing through the origin 
and the                            under fixed size or non-fixed size 
sampling design. Motivated by this we suggest the following 
estimator for :

THE RATIO-TYPE VARIANCE ESTIMATOR 
π

υπ

where         -  , if and if 

 : The construction of would suggest that 

i= j            -   i j.≠
Remark νπ νπ  

 

performs 
well  if  the  ratios  is more or less constant and the variance of 
is proportional to  .  
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. =
s ii Xxw

U
 ijjiij ppp -=D , iQii xByE -=   and 2

ii

U iii

Qx

Qxy
B =  .



 
/

/
+

/

/
= 2

22

22

U jiij

s ijjjiiij

s ijjjiiij

U iii

s iiiii

s iiiii xx
xgxg

egeg
x

xg

eg
v f

pf

pf
f

pf

pf
p











 
2

ˆ
s ii

s iii

qx
qyx

=b




 
iii xye b̂-= and

g
x ii xyV )( , ]2,1[g ,

*Corresponding author: patelpraful_a@indiatimes.com



and the correlation coefficient                             vary depending 
on the choice of  0, 1 and 2 were considered so that         

for each of these cases  and  were then 
chosen to match various values of   and C . The three  ( , ) 
combinations were: (a) (b) 

(c) 

     A finite population was created for each of (a) - (c) and each 
combination of ( C ) and a sample of size n =30 was drawn 
using Sunter's (1986) sampling design. The variance estimators 
were computed from each sample. This process was repeated M 
= 10,000 times. For each of these samples, we computed the 
estimators   and corresponding to different values of  q , i 
= 1,2,3 given by 

The performance of the different variance estimators was 
measures and compared in terms of relative bias in percentage 
(RB), relative efficiency (RE) and empirical coverage rate 
(ECR). The simulated values of RB and RE for a particular 
variance estimator were computed as
                                    where 

The relative efficiency of is given by

where                                    and  

The REs of the estimators is presented in Table 1 whereas the 
RBs in the table 2 given in Appendix A.

 RE under Sunter's Sampling Scheme

γ. Here  γ =                                                                   
          1 , μ and   ; σ σ

ρ β μ , γ
β =1,μ =  100 , γ = 0; β =1,μ =  100 , γ 

= 1; and β =1,μ =  100 , γ = 2. 
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iq g 0 1 2
Est.

xC\r 1.5 0.75 0.33 1.5 0.75 0.33 1.5 0.75 0.33

1q gv 0.9 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.8 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.7 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

kv 0.9 1.057 1.047 1.047 1.049 1.033 1.093 1.024 1.039 1.034
0.8 1.041 1.030 1.022 1.050 1.028 1.053 1.020 1.069 1.026
0.7 1.041 1.033 1.029 1.056 1.052 1.064 1.023 1.082 1.034

pv 0.9 1.112 1.968 1.065 1.131 4.519 1.221 1.077 1.033 1.075
0.8 1.124 1.741 1.150 1.106 3.163 1.149 1.073 2.954 1.028
0.7 1.137 1.836 1.102 1.198 4.652 1.189 1.001 3.827 1.035

2q gv 0.9 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.8 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.7 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

kv 0.9 1.048 0.933 1.048 1.039 0.740 1.073 1.019 0.927 1.028
0.8 1.026 0.923 0.978 1.044 0.763 1.037 1.016 0.813 1.025
0.7 1.024 0.911 1.010 1.041 0.740 1.039 1.019 0.800 1.031

pv 0.9 1.101 1.287 1.056 1.120 3.957 1.207 1.066 0.528 1.062
0.8 1.112 1.251 1.143 1.098 2.357 1.145 1.063 1.200 1.025
0.7 1.120 1.402 1.091 1.177 2.650 1.169 0.996 1.591 1.030

3q gv 0.9 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.8 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.7 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

kv 0.9 1.048 0.932 1.049 1.038 0.704 1.071 1.018 0.926 1.028
0.8 1.025 0.921 0.971 1.043 0.730 1.034 1.016 0.796 1.025
0.7 1.022 0.904 1.008 1.040 0.704 1.036 1.019 0.777 1.031

pv 0.9 1.099 1.218 1.054 1.119 3.862 1.205 1.065 0.487 1.060
0.8 1.111 1.197 1.142 1.097 2.255 1.145 1.062 1.045 1.024
0.7 1.117 1.345 1.090 1.174 2.316 1.167 0.996 1.361 1.030

Table 1 reveals the following comments
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for C = 0.33, 1.5 and are all 
within reasonable range of 1%, whereas for  C = 0.33, it has 
large absolute values of RBs ranging from 1-19%. However, for        

 has performed well.

For C = 0.75 the absolute RBs of are small compare to and 
has performed extremely well. This improvement of over is from 
125-350%.   
For C = 0.33 1.5 the absolute RBs of  are in the 
reasonable range with the largest occurring as 3%  and 4.67% 
respectively. But has 10-20% more efficiency compared to .  

For C = 1.5  the estimator  should be avoided. However, in 
case for the other values of C  , is fractionally more efficient and 
has reasonable absolute RBs than .

Overall the variance estimator  of                              is slightly 
more efficient than  but less efficient than when
C = 0.33, 0.75,1.5. In rest of all cases it should be avoidable. 

 In our simulation study it was borned out that the estimators 
suggested by Chaudhari and Maiti (1994) performed poorly. Therefore, 
the results corresponding to these estimators were not presented in 
respective tables. 

The following estimator is included for the comparison.
Kott's Estimator: A variance estimator somewhat similar in spirit to that 
in equation (3) was proposed by Kott (1990). His point of departure is to 
create a variance estimator that is unbiased with respect to the model but 
is still design consistent. The objective is achieved by attaching a ratio 
adjustment to the estimator (3). Kott's variance estimator is given as

where 

and

 RB (%) under Sunter's Sampling Scheme
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Table 2.
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Est. xC\r 1.5 0.75 0.33 1.5 0.75 0.33 1 .5 0.75 0.33

1q

gv
0.9 0 .44 7.34 -9 .67 0.58 95.28 1.59 0.49 2.07 0.95
0.8 3 .12 2.45 7.91 1.18 80.35 4.67 0.10 12.99 0.15
0.7 1 .72 9.67 0.13 1.63 45.41 2.32 0.46 18.28 0.72

kv
0.9 0 .33 7.78 -9 .77 0.40 94.79 1.46 -0.60 0.78 -0 .61
0.8 3 .09 3.03 8.02 1.04 80.39 4.46 -0.84 11 .20 -1 .19
0.7 1 .68 10.05 0.19 1.52 45.32 2.20 -0.65 16 .27 -0 .96

pv
0.9 -1.40 -27.27 -10.93 -0 .96 27.44 -0.36 -0.71 -15.75 -0 .27
0.8 0 .95 -23.75 4.85 -0 .29 21.90 3.02 -1.48 -8 .33 -1 .17
0.7 -0.91 -18.37 -2 .13 0.11 3.69 0.22 -1.34 -5 .54 0.22

2q

gv
0.9 -0.82 -18.34 -10.15 -0 .18 44.20 0.86 0.17 -2 .39 0.67
0.8 1 .46 -17.24 4.86 0.61 39.94 3.82 -0.20 2.26 0.09
0.7 -0.33 -11.66 -1 .67 0.64 16.39 1.13 0.26 5.78 0.57

kv
0.9 -0.59 -10.73 -10.02 -0 .15 59.65 1.08 -0.80 -0 .26 -0 .81
0.8 1 .91 -10.59 6.05 0.65 55.13 3.91 -1.05 5.16 -1 .21
0.7 0 .20 -4.80 -0 .95 0.82 27.25 1.54 -0.73 9.02 -1 .06

pv
0.9 -2.57 -39.61 -11.35 -1 .62 2.13 -1.14 -1.12 -19.02 -0 .43
0.8 -0.59 -33.28 2.03 -0 .89 2.41 2.01 -1.86 -13.27 -1 .47
0.7 -2.76 -30.48 -3 .79 -0 .84 -9.28 -0.89 -1.96 -11.21 0.07

3q

gv
0.9 -1.02 -21.77 -10.22 -0 .30 37.33 0.72 0.12 -2 .78 0.60
0.8 1 .19 -20.16 4.34 0.53 33.98 3.68 -0.25 1.00 0.08
0.7 -0.66 -14.68 1.97 0.50 11.76 0.95 0.24 4.10 0.55

kv
0.9 -0.74 -13.57 -10.07 -0 .23 54.19 1.01 -0.83 -0 .21 -0 .86
0.8 1 .72 -12.93 5.70 0.59 50.73 3.81 -1.08 4.36 -1 .21
0.7 -0.06 -7.17 -1 .15 0.72 23.91 1.44 -0.73 7.87 -1 .07

pv
0.9 -2.77 -41.36 -11.43 -1 .72 -1.55 -1.30 -1.19 -19.53 -0 .47
0.8 -0.85 -34.79 1.53 -0 .98 -0.86 1.82 -1.92 -13.91 -1 .54
0.7 -3.08 -32.27 -4 .08 -0 .97 -11.60 -1.07 -2.07 -12.07 0.04
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