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ABSTRACT

This article extends the s-weighted ratio-type variance estimator of the Horvitz—Thompson estimator, suggested by Patel and
Chaudhari (2006), for the generalized regression (GREG) estimation. The suggested variance estimator based on the empirical
mean squared error yields some gain over the available variance estimators in simulations when the underlying assumptions are

satisfied.
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INTRODUCTION

Recently more attention has been given to the generalized
regression estimator of the finite population total. Some of the
reasons are given in Sarndal (1996). Important references on
GREG estimation and on its variance estimation are Sarndal
(1980, 1996), Robinson and Sarndal (1983), Wright (1983),
Sarndal et al. (1989, 1992), Deville and Sarndal (1992), Kott
(1990), Chaudhuri and Maiti (1994), Singh et al. (1999) and
Duchesne (2000) and references cited there.

Following the notations of Patel and Chaudhari (2006), we
postulate the model
Y, =Ppx +¢; ieU={,..,N}
E.(g,/x)=0 1)
V. (g /%) =c? =c’%',0<y <2
C.(ee,/%.%)=0 (i#])
Where B, 6° > 0 are the parameters. Here E.(.), V() and C.())

denote &- expectation, & variance and &- covariance. Under
Model (1) the GREG- estimator of Y=X,y;is given by

7 iYi @
YGREG = ngniy

where 8; =1+(X =X ;) leqxiq isthe g-adjustment factors, %, -3, *

is the Horvitz. Thompson estimater of x = X x; and g; is chosen
by the user.

The estimator v, isoptimal in the following way: Starting
from the basic estimator v, -3 ay, With a=1/m, createa new
estimator Y =3 wy, with weight w, lying as close as possible
to the basic weights a, subject to the calibration
constraint " wx =X. when the distance to minimize is given
as > cw-a)/a, where ¢’s are constants, the optimal weights
w,are precisely w,=a g,

The Taylor expansion variance for the GREG — estimator (See,
Sérndal etal. 1992) is

- EY
Vr :Z;%Aﬁ(i #]
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Two versions of Yates-Grundy type variance estimators 01; V, are
2
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Kott (1990) proposed an estimator of V. (see Appendix A) that is
design-consistent and model-unbiased. Chaudhari and Maiti

(1994), following Kott's estimator, suggested various model-
assisted estimator of V..

where eizyi—ﬁxi and [§=

We suggest in the next section an estimator of V; To study the
repeated sampling properties relative to standard one a limited
simulation study is conducted in Section 3. The conclusions and
recommendations are given insection 4.

THERATIO-TYPEVARIANCE ESTIMATOR

Patel and Chaudhari (2006) suggested a - weighted ratio- type
estimator (v,,,) for the variance of Horvitz- Thompson estimator of
population total. They showed that this estimator is asymptotically
design-unbiased (ADU) and asymptotically design consistent
ADC). Empirically this estimator has performed very well when
the relationship betweeny and xis linear passing through the origin
and the V. (yi)<x{.v e[12], under fixed size or non-fixed size
sampling design. Motivated by this we suggest the following
estimator for V.:

g2’ /. .g.ege /n;
v = Z;b..g.z T g XY 0;9.809;8 /n; S5 dyxx,
zsd)iigi XiImy Y zzsd)ijgixigjxj/nij Y
wheres, = - ifi=] and == 1ifi%j.

Remark : The construction of v, would suggest that v, performs
well if the ratios y/x is more or less constant and the variance of y,
is proportional to x..

SIMULATION

Afinite population of size N =400 was created.The characteristics
x andy forthei"unitwere generated using the model

yi=Bx +x%e i= 17 ey N
for specified values of B, v, g, h and o7 ,&~N(@©s?) were
independent ofx ~ Gamma(g.h) . Thus the mean, variance and coefficient
of variation of xare given by x4, =gh, o=gh’and c,=o,/u,=g**.
Further the mean ofy, is y, =S, variance of X, iSc¢?=p%?+c2E(x)
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and the correlation coefficientCorr(x. ) = p = B, /o, vary depending
on the choice of y.Here y=0, 1 and 2 were considered so that
E(¢'™) =1, p,andw; +o;; for each of these cases 6, and 5,” were then
chosen to match various values of pand C,. The three (B, ,, v)
combinations were: (a) p=1,u= 100,y=0; (b) B=1,u= 100,y
=1;and(c) p=1,n,= 100,y=2.

A finite population was created for each of (a) - (c) and each
combination of (p, C,) and a sample of size n =30 was drawn
using Sunter's (1986) sampling design. The variance estimators
were computed from each sample. This process was repeated M
= 10,000 times. For each of these samples, we computed the
estimators v,, v, and v, corresponding to different values of q;, i
=1,2,3givenby

Choice of ¢ Form of Estimator
g =1/ - N v N
' Yores = Yur +%(X*XHT)
=1/mx R 2
% o Vo = JHTx
XHT
1
Z[;*l]yu
=@-m) X, Yo=Yy + ' (X =Xyr)
1
Z[iil])(l
TEI

The performance of the different variance estimators w s
measures and compared in terms of relative bias in percenta e
(RB), relative efficiency (RE) and empirical coverage re¢ e
(ECR). The simulated values of RB and RE for a particul ir
variance estimator were computed as

RB(v) =100x V' where V:i%"(

v ME i)
Lgielauve eniciericy vl vis yiven vy
MSE (V%) _ RSE(%g) °
MSE(V) RSE(v)

where MSE(v)——z(v(,) )t and  Rrse()=100x,MSE)

RE(v) =

The REs of the estimators is presented in Table 1 whereas the
RBsinthetable 2 givenin AppendixA.

Table 1 RE under Sunter's Sampling Scheme

075 033 15 075 033| 15 075 033

B p\C, | B
1000
0.8 100
0.7| 100
1057
0.8 1041
0.7 104
1112
08| 1124
07| 117
0.9[ 10
0.8 100
0.7| 100
Vi 0.9 108

08| 105

07| 104
100
08| 1112
07| 1120
1000

0.8 100

0.7| 100
Vi 09| 108

08| 105

07| 102
109
08| 1111
07| 1117

1000
1000
1000
104
100
1038
1968
174
18%
1000
1000
1000
0933
0923
0911
1287
1251
14@
1000
1000
1000
092
0921
0904
1218
1197
13%

1000
1000
1000
104
102
109
1066
1150
11@
1000
1000
1000
1048
097
1010
10%
114
1091
1000
1000
1000
1049
0971
1008
1044
1142
109

1.000
1.000
1.000
1.049
1.050
1.056
1131
1.106
1.198
1.000
1.000
1.000
1039
1044
1041
1120
1098
1177
1.000
1.000
1.000
1038
1043
1.040
1119
1.097
1174

100
1,000
1,000
103
1028
1052
4519
3163
4652
700
1,000
1,000
0.740
0763
0.740
3957
2357
2650
1,000
1,000
1,000
0.704
073
0.704
3862
225
2316

1.000
1.000
1.000
1.093
1.053
1.064
1221
1.149
1.189
1.000
1.000
1.000
1.073
1.037
1.039
1.207
1.145
1.169
1.000
1.000
1.000
1071
1.0
1.036
1.205
1.145
1.167

1.000
1.000
1.000
1.024
1.020
1.023
107
1.073
1.001
1.000
1.000
1.000
1.019
1.016
1.019
1.066
1.063
0.99%
1.000
1.000
1.000
1.018
1.016
1.019
1.065
1.062
0.99%

1.000
1.000
1.000
1.039
1.069
1.082
1.0
2.954
3.827
1.000
1.000
1.000
0.927
0.813
0.800
0.528
1.200
1.591
1.000
1.000
1.000
0.926
0.7%
0.777
0.487
1.045
1.361

1.000
1.000
1.000
1.034
1.026
1.034
1.075
1.028
1.085
1.000
1.000
1.000
1.028
1.025
1.081
1.062
1.025
1.030
1.000
1.000
1.000
1.028
1.025
1.081
1.060
1.024
1.030
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Table 1 reveals the following comments

+ The absolute values of RBs of v, for C,=0.33,1.5andy=2areall
within reasonable range of 1%, whereas for C,=0.33, y=2 it has
large absolute values of RBs ranging from 1-19%. However, for
y=2 v, hasperformed well.

« Fory=1,C,=0.75the absolute RBs of v, are small compare to v, and
has performed extremely well. This improvement of v, over v, is from
125-350%.

« Fory=1,C,=0.33 15 the absolute RBs of v, and v, are in the
reasonable range with the largest occurring as 3% and 4.67%
respectively. But v, has 10-20% more efficiency comparedtov,.

e Fory=1,C,=15 the estimator v, should be avoided. However, in
case for the other values of C, , v, is fractionally more efficient and
has reasonable absolute RBs than v, .

« Overall the variance estimator v, of Yeres =Yur +Xy(x Xur) is slightly
more efficient than v, but less efficient than v, when y = 0,1,2 and
C,=0.33,0.75,1.5.In restofall cases it should be avoidable.

Remark 3. In our simulation study it was borned out that the estimators
suggested by Chaudhari and Maiti (1994) performed poorly. Therefore,
the results corresponding to these estimators were not presented in
respective tables.

AppendixA
The following estimator is included for the comparison.

Kott's Estimator: A variance estimator somewhat similar in spirit to that
in equation (3) was proposed by Kott (1990). His point of departure is to
create a variance estimator that is unbiased with respect to the model but
is still design consistent. The objective is achieved by attaching a ratio
adjustment to the estimator (3). Kott's variance estimator is givenas

A

k

Vv,
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f; N :
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Table 2. RB (%) under Sunter's Sampling Scheme

9 et [ p\C, 15 o075 03 15 o075 033 | 15 o075 03

0.9 044 734 967 058 9528 159 (049 207 095
Vg 0.8 3.12 2.45 7.91 118 8035 467 | 010 1299 0.15
0.7 172 9.67 0.13 1.63 4541 232 | 046 1828 0.72

0.9 033 7.78 -9.77 040 9479 146 [-060 078 -061

qr Vi 08 3.09 3.03 8.02 1.04 80.39 446 |-084 1120 -1.19
0.7 168 10.05 0.19 152 4532 220 |-065 1627 096

0.9 -140 2727 -1093 096 27.44 -0.36 |-071 -1575 027

Vi 08 095 2375 4.8 029 2190 302 |-148 833 -117

0.7 -091 -1837 -213 011 369 022 [-134 554 022

0.9 -0.82 -1834 -1015 018 4420 086 | 0.17 -239 0.67

Vg 0.8 146 -1724 486 0.61 3994 382 |-020 226 0.09

0.7 -033 -1166 -167 064 1639 113 | 0.26 5.78 0.57

09 059 1073 -1002 015 50.65 108 |-080 026 081

A, | vi| 08 191 1059 605 065 5513 391 |-105 516 -121

0.7 020 -4.80 095 0.82 2725 154 [-073 9.02 -106
0.9 -257 -3961 -11.35 -162 213 -114 |-112 -19.02 -043
Vn 0.8 -0.59 -3328 203 -089 241 201 (-186 -13.27 -147
0.7 -276 -3048 -379 084 928 -0.89|-196 -1121 0.07
0.9 -1.02 2177 -1022 030 3733 072|012 -278 0.60
Vg 0.8 119 -2016 434 053 3398 368 |-025 1.00 0.08
0.7 -0.66 -1468 197 0.50 11.76 095 | 0.24 4.10 0.55
0.9 -0.74 -1357 -1007 023 5419 101 |-083 021 086

gz | vk 08 172 1293 570 0.59
07 006 717 115 0.72

50.73 381 |-108 436 -121
2391 144 |-073 7.87 -107

0.9 -277 4136 -1143 -172 -155 -130|-119 -19.53 047
Vi 0.8 -085 -3479 153 098 -0.86 182 [-192 -1391 -154
0.7 -3.08 -3227 -408 097 -1160 -107 |-207 -12.07 0.04
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