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ABSTRACT

In present paper, an attempt is made to provide an elegant unification of several classes of polynomials. Introduced sequence of
the functions {V “” (x,a,k,;s) /n = 0, 1, 2...} by means of generalized Rodrigues formula (7), which involves Mittag-Leffler
function E,(z) and other two similar kind of class of polynomials (5), (6). Some generating relations and finite summation

formulae have also been obtained for (7).
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INTRODUCTION:

In 1971, Srivastava and Singhal [8] introduced general class of
polynomial G “(x,r,p,k) by employing the operator X" D,
defined as

G, (x,rp,k) =1/n! x““exp (px) (X“*D)"[x“exp(-px)] (1)
Mittal [2] proved a Rodrigues formula for a class of polynomials
T2 (x) isgivenby

T (x) =1n! x“exp{p, ()} D,'[X""exp{-p, ()} (2)

where p, (x) isa polynomial in x of degree k. Mittal [2] also
proved the following relation

T (%) = 1ntx"exp {p, ()} *(T)'[x exp{-p,()}] (3)
where, T, = x(s+xD).

In 1979, Srivastavaand Singh [7] introduced a general sequence
of functions Vv, (x;a,k,s) by employing the operator 0
= x*(s+x D) where aand sare constants, defined as
V,“(x;aks)=1n!x“exp{p, ()} O'[xexp{-p. ()} (4
where p, (x) isapolynomial in x of degreek.

The new sequences of functions introduced in this paper are
defined by (5) and (6) in the generalized form of (1) and (2)
respectively as:

G, “?(x,rp,k) =1 x”*E, (px) (X'D)' [ ¥ V/E,(px)], (5)
T 00 = Untx”E {p, (})} < (T)"[X'V/E {p.(0)}] (6)

Inthis paper, authors also introduced one more new sequence of
functions {V,“” (x;a,k,s)/n=0,1,2,...} by means of generalized
Rodrigues formula (7)

Vv, (x;aks)= UnIx”E{p.(¥} ' [XIVE{p.O}  (7)
where, @ = x®(s+xD); a, s are constantsand & = 0, e and Bare

real or complex numbers; n = 0,1,2,..., k is finite and non-
negative integer, p,(x) isapolynomial inx of degreek with

X € (0,0)
The Mittag-Leffler function [1] defined as:
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where zisacomplexvariable and I'(s) is agamma function, a =0.
The Mittag-Leffler function is direct generalization of the
hypergeometric function 1=, and exponential function €* to
whichitreducesfora=0and a=1,i.e. £()--1 andE,(z) =e? Its
importance is realized during the last two decades due to its
direct involvement in the problems of physics, chemistry,
biology, engineering and applied sciences. Mittag-Leffler
function naturally occurs as the solution of fractional order
differential equation or fractional order integral equations.
Therefore, it is obvious that (1), (2) and (4) are special cases of
(5), (6) and (7) respectively for o =1.

In the present paper, the generating relations and finite

summation formulae obtained for sequence of functions (7) as
these are obviously more powerful sequence of functions than
(5) and (6). The technique discussed in this paper will certainly
apply for sequence of functions (5) and (6).
To obtain generating relations and finite summation formulae,
the properties of the differential operators & = x “(s+ x D) and
0, = x*(1+xD), where D E% used on the based of work (Mittal
[3], Patil and Thakare [5]).

In the fourth section, the relations between (7) with some well-
known polynomials (9) and (10) also have been discussed.

Hermite polynomials (Rainville [6]) defined as:
H,(x) = (~1)" exp(x*) D"[exp(~x*)] 9)
Konhauser polynomials of first kind (Srivastava [9]) defined
a\f;(X'k):w(xk”D)“[x“”e"] (10)
n k"n!
GENERATING RELATIONS:
We obtained some generating relations of (7) as,

@ _(B+s)
> xEVED(xa,k,s)t" = a-an) ' ? ) elnw] . (11)
n=0 E.[pxa-at) 3]

2 XY @B (30 k)t = (1+at)%71 E.[p.0] ; 12)
n=0 E [pox@+an}]
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(M) e LB e FINITESUMMATION FORMULAE:
WZ:.;X [ N ]me (xaks)t"= (1-at) ﬁx (13)

VN1 at)’%;a, k,s.}
Proof of (11):
From (7), we consider

mvn‘“'”’ xa,k,s)t" =x P E {p, 0y P L
"Z:D: ( ) X7 E {p(x)}e"x {Eu{Pk(x)}}

above equation reduces to

_(B+s)
SV Gaker =x" EAp b @-acy
n-0 1

E, [p{x(L-axt) )]
and replacing t by tx*, which gives (11).
Proof of (12):
From (7), we consider

doxTEy e Pa (xa kst

1
P E 1 poan =
X" E {p, ()} e” | x Eu{pkm}}

and simplifying the above equation, we get
ix’a"vn‘“'”’a"’(x;a,k,s)t" = X "E {p (X)}x" 1+ at)%ilx
n=0 1
E[pAx(1+at)}]
which proves (12).
Proof of (13):
writing (7) as
8" [x" E,{~py(x)}]

1 (o .B) .
E o oy akes)

=n!x’
or

e’ (0" [x" E,{-p, (x)}])
=ntle® {xf’ ;Vn(‘“" (x;a,k,s)}
E,{p(x)}
above equation can be writtenas

> O B p (0N

m=0

(B+s
=n!x® (1-ax°t) (% ]X
1 X
E.[p {x(-axt) }]
V“(a‘m{x(l_axat)’%;a,k,s,}

:i ! (m+n)!x“;x
momin! E. {p(X)}
V@) (x;a,k,s)t"
(B+s
=x“(1—axat)(a] !

E. [p {x(1-axt) *}] ’
VP axat)’%;a, k,s,}

and above expression reduces to

i [m : n)Vm‘?;’”(X;a,kVS) t"
- axtyy L) E.{p, (¥}
E.[p {x( - ax*t) 7#}]

VP Ix(A - axat)’%;a,k,s,}

X

replacing t by tx*, whichleadsto (13).

We obtained two finite sum formulae for (7) as
v<avﬁ>(x;a,k,s)=Z"i(axa)m[ﬁj VO (xiak,s) (14)
" mom! a/n

(@) (y- _ v 1 ayn (B -y w1) (g
VP (Ga k) = 3 ) [ijvn‘y(x,a,k,s) (15)
Proof of (14):

We canwrite (7) as,

o R Mgttt
V.M (x:a,k,s) = X E.{p (x)}0 {XX Eu{pk(x)}}

we get,

Vit ROGa ks = Lyre, £, (03 X
n!

3 P RO

whichyields

V@B (xa K, _1 s

n (x;a s) n X E {pk(x)}z m'(n m)'

x*™™[(s+xD)(s+a+xD)(s+2a+xD)

1

...... “m-1 oyl
(s+(n-m-1)a+x )][Ea{pk(x)}}

xx*M[(1+xD)(1+a+xD)(1+2a+xD)
...... 1+ (m-1a+xD)xP?

=Ea{pk(x)}2" ;x”x

m)!
]_[ (s+ ia + xD ){m} a” {%jm(lﬁ)

Putting B = 0 and replacing n by n-m in (7) then equation
reducesto
V.9 (x:a,k,s)
1

= —— E.{p()}0 " [

1
(n—m)! Ea{pk(x)}}

thus, we have _r o [;}
(n—m)! E, {p.(x)}

Lt e 0 (x;a,k,s)

E.{p. ()} "
we get,

n-m-1 l
H (s +ia + XD){—Eu{pk(x)}}

(n—-m)!

Xa(m n) (.0
:WV" O(x;a,k,s) (17)

use of (17) and (16), whichimmediately leads (14).
Proof of (15):
From (7) we consider,

ivn‘“'”’(x;a,k,s)t": b E 19{ p17i|
n-0 X Ap(x)} e X E. {p, (V}

above equation reduces o,

_(B+
Zv(u B)(X a,k,s)t"=(1- ax t) [ j E, [p, ()]
= E. [P {x(1—ax't) /*}]
T ELp (0} -ty | E

1
E.[p{x(A-ax*t) 7}
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whichyields

2 VP (x;a,k,s)t" :(1_axat)’[%sji(ﬁ;“{j MX

n=0 L a ), ml
E, [P (¥)]

_ E, [pgx@-ax’t) 23]
byusing (11),

iV"(“‘ﬁ)(X;a,k,S)t" :i[ﬁ - j (ax?t)" X7 x
m=0 m

n=0 a m!

E, {p,(x)}e" [x ;}

E. {p, ()}
el Bt @
=ZZ[ a j mint

. 1
E, {p. (0}0"| X' ————
« (P (0} [x Ea{pkm}}

S A

n=0 m=0 a mm!(n—m)!

1
) enfm  —
E, {p. (x)} {X Eu{pk(x)}}

by equating the coefficients of t", we get

@) (y - = vy (B -y X
VP (x:a,k,s) = zm(ax ) [TJ

X
nom! » (n=m)!

; 1
E {p, ()30 "™ | X ———0xx
AP0 [x Ea{pkm}}
and use of (7), we get (15).
SPECIALCASES:

In this section, we have obtained some special cases and
relations of sequence of functions V ,“” (x;ak,s) , in the
connectionof (4), (9)and (10): Putting o.= 1and replacing by o
in (7) then

VA (x;a,k,s) =V, " (x;a,k,s) (18)
Therefore, we can say that (4) isa particular case of (7).

If a=1,replacing Bby o+ 1,a=1, p,(X) =p,(X) =x,and s=0, then
(7) reducesto

VB4 (x51,1,0) = XY (x;1) (19)

ifa=1,p=0,p,(X) =p,(X) =%, and s=0, then (7) reduces to a=
-1ands=0 then (7) gives

Vo (i-1,2,0 - EX0 0 20

CONCLUSION:

The new sequence of functions (5), (6) and (7), introduced the in
section 1, the results obtained in sections 2, 3 and 4 seems to be
new and quite interesting.
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