(a) Let f : [a,b] — R be continuous and differentiable on (a,b). If o € R and if f (@) = f{b) =10,
then show that there is ¢ € (a,b) such that f'{c) + e f(e) =0, :
(b) Let {an} be a real sequence such that Y0 o lang1 — an} < 00 Show that > oo @nt”
converges for all z € (—1,1). ~
(5]
(¢) Evaluate lim & f: cos(E2).
=2 00 A::i
(d) Let f be analytic in a domain D and f(z) = 0 for some z € D. Show that either f =0

or there is a deleted neighbourhood of zg on which f is nowhere zero.
CPTO0)
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. Q.1 Choose the correct option for each of the following. (8]
1} Let a,b,c € R and b+ 0. Then f(z) = 0?4 bz + ¢ (z € R) has minimum if and only if
Y
(a) a>0 (b) a <0 () a=0 (d) ¢=0
(2) The value of ﬁgl ?1(_7:,1+—17 is
_(a) 0 (b} 1 {c) 2 (d} co
(3.) ‘The radius of convergence of the Taylor series of ;ﬁ% about —1 is
(a) 1 (b) 2 (c) V2 . (d) V5
(4) The closure of {¢”: z € CtinCis .
(a) C | (b) C\ {0} (¢) {0,00) (d) R
. (5) is not a topological property ' .
(a) Being Hausdorfi (b) Being dense (c) Completeness (d) None of these
(6) Let (X, ) be any topological space such that X ~ {x}isopenforallz € X. Then (X, )
is -
(a) T3 | (b) To (c) compact (d) discrete
(7) A group of order need not be abelian.
(a) 25 © (p) 31  (¢) 35 (d) 55
(8) Let G be a finite group such that 7 | o(G). Then the number of 7-Sylow subgroups of G
can possibly be: . '
(a) O {b) 21 (c) 29 (d) none of these
Q.2 Attempt any Seven. : 14




() Let D= {z€C: |z <1} U f:D—= C is analytic and |f(2)] <1 — 12| (2 € D), then show
that f = 0. -
() For non-empty sets A and B prove or disprove A° U B® = (AU B)°, where A° denotes the
interior of the set A. ' ,
(g) Is R with lower limit topology homeomorphic to R with upper limit topology? Justify.
() Let G be a finite group and ¢ be an automorphism of G. Show that o(g) = o{¢(g)) for
every g € (5. .
(i) Let H be a subgroup of a group G with index 2 in (. Show that H is normal in G.
Q3 |
(a) If f : R-— R is an increasing function, then show that f(z*) and f(z ™) exist for all z & R.
Deduce that f is continuous at = if and only if f(z™) = flz*).
OR '
(a) Let f, : R = R be defined as falz) = m for all x € R. Show that {fn} converges

uniformly on (—o0,0) but fails to converge uniformly on (0,00). State the resulis you use.
(b} If f: [a,b] = R is a continuous function, then show that nh_}n(f)lo ji’ f{z) cosnzdz = 0. Hence
evaluate lim fé 2% sin? ne dz. ' A
n—od

Q4 : .

(¢} Let f and g be analytic at a € €. Suppose that a is a zero of f order 2 and a is a zero of g
order 4. Show that a is a pole of % of order 2. Also, find the residue of ﬁ at a. State the
results you use.

‘ OR
(c) Let f be an entire function. Suppose that for given a € C there is n € NU {0} such that

f (”)(a) = 0. Show that f is a polynomial. Is the converse true? Justify.
(d) Let f be an entire function, and let a, A and B be positive constants. If {f(2)] < Alz|*+ B

for all z & C, then show that f is a polynomial of degree at most a. State the results you

use.
Q.5
(e) Let X be a non-empty set and 4, and J, be two topologies on X generated by bases %
and %, respectively. Show that J; D F, if and only if given By € % and T € Bo, there
exists By € % such that z € By C Ba. Hence, compare the usual topology and the lower
limit topology on R.
OR
(e) (X, T)isa Hausdorff topological space, then show that every sequence'in X has af most
one limit. Does the result hold if (X, .7) is not Hausdorff? Justify. ‘
{f) Define a topological property. Show that connectedness and compactness are topological
properties.
Q.6 '
(g) Show that a group of order 1225 is abelian. For primes p and g, Is every group of order
p*q® abelian? Justify. :
OR

(g) Define a simple group. Show that a group of order pgr cannot be simple, where p,q,r are -

distinet primes such that p < g <. .
(b} Let G be a group of order n and z € G such that o(z) # 2. Show that there exists a
pon-trivial automorphism of G.

@

(6]



