SEAT MO

@33 \ » ’ No. of printed pages: 2

SARDAR PATEL UNIVERSITY
M. Sc. (Semester 1II) Examination

Date: 26-10-2018 Pt dayy Time: 2.00 To 5.00 p.m.
Subject: MATHEMATICS Paper No. PSO3EMTHO1 — (Functional Analysis 1I)

Total Marks: 70

Note: Throughout the paper, X and Y denote nispaces.

(1)

2)

3)

(4)

)

(6)

9

ity

(@)
(b)

(©)
(d)
()
®

(8)
(h)

Choose the correct option for each question: 81

If x e K", then which of the following is true? _
@ lixllo < llxlly O lixllz S lixllee @ Hlxll = lxlho () llxlly < Hixll2

Every linear functional on X is contimious, if X =

(@' (b) C" (©) C[0, 1] (d) none of these
Let Y be a closed subspace of a nls X. Then X is a Banach space if and only if
(a) Y is a Banach space ' (c) both Y and X /Y are Banach spaces
(b) X/Y is a Bandch space . (d) none of these
A map F: (C'[0,11, [I- lle) = (C[0,1], - [l) defined by F(x) =x' is
(a) not linear _ (c) linear but not continuous
(b) continuous but not linear (d) neither linear nor continuous

Let A e BL(X). Which of the following is true?
@ o) cods) (B olAlcof) (€ odAlc celA) () celA) < o(A)

Forx € X, let jx: X' — K be defined by jx(f) = f(x). Then ||j. Il =
@1 (b) llxll ©) £ (d) none of these

Let F e BL(X,Y). Then
@ IFI < WF'L - @ IFI>1F @ IFi =1IF'll  (d) none of these

Let {x.} be a sequence in X' and x' € X', Which of the following is true?

, W, , » W r B
@zxy, & x' = Xz X ©xp— x' 2 xp DX

w bk PV, e W
(byxh, = x' = xp— x' (dyxp—= x" = X% X

Attempt any SEVEN: [14]
Prove: If E < X is convex, then EC is convex., ‘

If X is an infinite dimensional nls, then show that there is linear map from X to
K which is not continuous.

State Uniform Boundedness Principle.

Show that B2 with || (x1, %2) | = 1] + [xal, is not strictly convex.

Prove: If F: X—Y is continuous, then F is a closed map.

Let X be a Banach space. If a series Y., X, of elements of X is absolutely
summable, then show that it is summable in X.

Define o(A), oa(A) and o(A).

Prove: If F,G € BL(X,Y), then (F + G)' =F' + G'.

Define weak and weak* convergence in X'.
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State and prove Holder’s inequality.

Prove: For f € Cla, bl, Il = (fl:t €la b1} defines a norm on Cla, bl
OR

Let F e BL(X,Y). Define a map 7 X/Z(F) —Y by Fx+ZE)= F(x). Show

that F is linear and continuous.

Prove: If Y is a Banach space, then BL(X,Y) is complete.
LetX & Y be nispaces and F: X — ¥ be linear: Prove that F is centinuous if and

only if goF is continuous, foreveryg e Y'.

OR
State and prove Hahn-Banach separation theorem.

Prove: If X and Y are Banach spaces and I': X —Y is a closed linear map, then F
is continuous. ' '

Let F: X — Y be lincar map. Prove that if there exists y > 0 such that for every
y €Y, thereis x € ¥ with F(x) = yand [ixl| < yllyll, then F is an open map.

OR
Let A € BL{X) and dimX = . Show that 6,(4) = o(A).

Prove: If X' is separable, then X is separable.

Let X be a finite dimensional épace with dim¥ = m and let {a1, 8z, .. am} DE 4

basis for X. Show that dimX' =m.

OR
Let X be a separable nls. Prove that every bounded sequence in X' has a weak™
convergent subsequence. '
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