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Note: Throughout the peger, X and Y denote alspaces.

Choose the cotrect option for each question: - [8]

(1) Let Y be a subspace of X. Which of the followmg is true?

@IUY # X,then Y % ¢ (c)If_Yorﬁf,?} thenY # X

(O)IFY % X, then YO = ¢ (@ UY =X then¥°=p
(2) Every linear functional on X is continuous, if X =

@7 (®) C[0, 1] o) C* {(d) none of these
(3) Which of the following space is complete mf fe?

(a) ¢ _ ) cou 7 (©CYa,bl - (d)none of these
(4) A mapF: (C'[0,1},]. [Iw) — (C[0,13, || [} deﬁned by Fx)=x'is

(a) closed and continuous (©) closed but not contmuous

. (b) continuous but not closed (d) none of these '

(5) Ifp <r < oo, then which of the following is true? _ g

(2) l?’ cl® e . ©QI°cl” Hr=r
(6) Forx e X, letju X' — K be deﬁned by (= ﬁx) Then ||j, || = |

@1 N OY Y ©NF  ° (d) none of these

(7} LetF e BL(X,Y): Then
@UFI > F ) IF] < [P (G)HFI!=IIF'II (d)nonﬁ‘afthlesc

(8) Let ! bethe 1dent1ty operator on X. T“hen o(l) = LetF e BL(X Y) Then
(a) @ ) {0,1} (c) {0} (@D
Attempt any SEVEN: [14]

(a) Prove:IfE c X is convex, then E° is convex.

(b) Showthat|] Hf,and}l ||, are comparable norms on K.

(c) Show that R® with || (xi, X2) Il = |x1| + [xa}, is not strictly convex.

(d) Let X be a Banach space. If a series 2in %p, of elements of X is absolutely
sumumable, then show that it is summable in X,

(¢} Prove: If a projection P on X is a closed map, then R(P) and Z(P) are closed in X,

(f) State Open mapping theorem.

(8) LetA e BL(X). Show that 6,(4) C 0,(A).

(h) Prove:If F,G € BL(X,Y), then (F + G)’ = F' + §'.

(i) Let F:X - Y be alinear map. Prove that if F is continuous, then it sends every
Cauchy sequence in X to Cauchy sequence in Y.
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Let Y be a closed subspace of a nls X Show that for x + Y eX/Y,

-+ Y| = inflix + ¥I: = Y} ‘defines anormon X /Y.

Let F: X — Y be a linear map. Prove that F is continuous if and only if 4 (F ) is

closed in X and a linear map F:X/Z(F) - ¥ defined by F F(x + Z(F )) F(x),
x € X is continuous. o
OR

Let F: (R% || 1) = R be defined by F (x(l) x(Z)) =3x(1) + 2x(2) Show

that F is bounded and find IIF Ii

State and prove Ha.hn Banach extensmn theorem. _
Prove: If BL(X,Y) is a Banach space then Y is complete '
" OR
Prove: The : space (C[0,1], | ||m) is complete
Let X be a Banach space and Y be a nls Let F € BL(X Y) Vn Suppose that for
each x € X, sequence {F, (x)} converges in Y. Define F: X = ¥ by
F(x) = lim, F,(x). Show that if E is totally bounded subset of X then {Fn (x)}
converges umformly to. F (x) on E.
Prove: If X and Y are Banach spaces and F: X —Y is a closed lmear map, then F

is COIIHIIUOUS

OR S
Let F: X — Y be linear map.. Prove that if there exists y >0 such that for every

y €Y, thereis x € X with F(x) yand lixll < yllyll, then F is an open map.

Let1<p<oo +—m1 ForyEY let fy(x) ZJ 1x(j)y(]) xEU’
Prove that fy € (l”)' and ufy" = Hyilq | |
LetA € BL(X) and dim X = o, Show that ae(A) a(A)

OR
LetX = (17,1l lp),1<p < oo Define A:X — X by

AQe(1),%(2), ... ,x(n),...) = (0, x(_l) . x(n— 1) ).Sho.wthatae(A) Q)
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