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Q.1 Choose the correct option for each of the following. ' 8]
(1) Which of the following is true? '

(a) If {X, 97, 1) is saturated, then it is o- finite.

(b) I (X, o, 1) is saturated, then it is finite.

(c) If (X, o, po) 1s finite, then i is saturated.

(d) {R,9%,m) is not saturated.
(2) Let f:R-s> R be f(z) = e *". Then the value of [, fdd is

(20 - {b) 1 (c) e (d)

*(3) Let m be the Lebesgue measure. Consider the signed measure v = d —m on (IR, 201).
Then the value of sup{v(E) : F is a positive-set} is

(a) 1 (b) -1 (YO (d) oo

@

(4) Which of the following is a pair of mutually singular measures on (R, 91)?
(a) m,n (b} 7,8 (¢) m,dy (d) none of these

(5) Let (X, o, 1) be & finite measure space and 1 < p < r < oc. Which of the following
is true?
(&) LP(u) € Lr(p) (b) LP(u) D L7 (p) (¢) L7(pe} = L7 () +(d) nome of these
(6) If fis a contimibus function on R, then which of the following true with respect to
the Lebesgue measure m?
(a) f is essentially bounded (¢) f is integrable

(b} f is square integrable (d) none of these

{7) Let 1 be the counting measure and dy be the Dirac measure concentrated at 0. Which
of the following is an outer measure on R?

(a) m (b) m+8y (c).do — (d) 7+ b
8) Let " be an outer measure on X and E C F C X. Which of the following is true?
;

(a) 1*(B) < p*(F) (¢) w{EUF) = p*(E) + p*(F)
(b) p*(F = E) = u*(F) = p*(E) (d) p*(F) = *(F - E) + u*(E)

@ - (¢ Te)




Q.2 Attempt any Seven. ,
(a) Let (X, ) he a measure space. If s = 500 aixa, and ¢ = 377, Bixp, are
nonnegative measurable functions on X and if s < ¢, then show that Iy X Sd,'pb < fy x Tk
{h) Let (X, &, 1¢) be a measure space. If f is integrable over X, then show that f is finite
a.e. [u on X. :
(c) Define a complete measure space and give an example of a ieasure space which is
not complete. .
(d) If {4, B} and {A,, Bi} are Hahn decomposition of (X, &7, v), then show that AAAl
is a null set.
(e) Let v be a signed measure and j¢ be & measure on (X, &), v L pand v < g, then
show that v = 0. . .
(f) Let 1 < p<oo. If f,g € LP(u), then show that f+g & LP(u) (do not use Minkowski’s
inequality).
(g) If f and ¢ ave measurable, f = g a.e. [u] on X and it fis essentlaﬂy bounded then
show that ¢ is essentially bounded.
~(h) Let u* be an outer measure. If By and E; are p*- measurable subsets of X and if
Ey N Ey = 0, then show that (£ U Ey) = p*(Er) + p*(Eq).
(i) Let u be a measure on an algebra & of subsets of X. If {4;} C &/, A€ & and
A C |, As, then show that p(A) <3, u(A:).
Q3 o |
(a) Let (X, o, u) be a measure space. If f is an integrable function on X and if {E,} is
a sequence of pairwise disjoint measurable subsets of X, then prove in detail that

/ng;;[;nfd“ Zf fd.

n=1

(b) Let (X, ) be a measurable space and: f be a nonnegative measurable function on X.
Show that there is sequence {s,} of nonnegative measurable simple functions such
that s, < 8,41 for all n and s,(z) = f(z) asn — co forall 2 € X. '

OR

(b) Let (X, o, ) be a measure space. Let a sequence {f.} of measurable functions such
that f,(2) = f(z) as n = oo for all z € X. If there exists an integrable function g
such that |f,] < g for all n € N, then show that [, fodp —= [, fdp as n ~ oo.

Q.4 '

{¢) Let (X, &, 1) be a o- finite measure space, and let f and g be nonnegative measurable

functions on X. If {, fdu = [, gdu for all E € &, show that f =g a.e. [u] on X,
(d) Let v and vy be finite signed measures on (X, Qf ) and @ € R. Show that |cw1| =
|al|r»11 and vy + 1) < || + |l

OR

(d) If v and g are - finite measures on a measurable space (X, &), then show that there
exists a unique pair of measures 1y and 1y such that vy L g, vy € pand v = 15+ 1.

e) < 00, then show that L?{y} is complete. :
f) Let (X, «/, 1) be a measure space. When is a méasurable function called essentially
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hounded? If f and g are essentially bounded and if o, 4 in R, then show that both
af + fg and fg ave essentially bounded.
OR
(f) Let 1 < p < o0 and ¢ € (1, 00] be such that ,l, + % =1, and let (X, &, 1) be a finite
measure space. If F is a continuous linear functional on LP(1), then prove that there
is unique g € L3(p) such that ‘

P(f) = A fodp (e ().
Q6 '

g} Let 1 be a o- finite measure on an algebra A, and let 11* be the induced outer measure.
Let B be the o- algebra of all (u*)- measurable subsets of X, and let B be the smallest
a- aigebra of subsets of X containing A. Show that the restriction of 77 to B’ is the
uttiue extension of p to B .

(I} Let ;* be an outer measure on X. Show that the collection of all p*- measurable
subsets of X is a o- algebra. '

' OR

(h) Let F be a cumulative distribution function of a finite Baire measure p on a Borel o-
algebra on R. Then prove that following statements.
(A) F is bounded and increasing.
{B) F is right continuons on R.
(C) Fis left continnous at @ € R if and only if p({z}) = 0.
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