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Q.1 Choose the correct option for each of the following. ' i8]
. (1) Let n be the counting measure on (R,21). Then the value of n(Q) is
@0 () 1 (©) 2 (d)
(2) Let f: R— R be f(z) = 2. Then the value of [g fddo is o
(a) 0 (b) 1 (c) 3 (@) 2
(3) Which of the following is a signed measure bub fot a measure on (R, )7
(3) m (b) 7o (c) 7+ do (d) m—do

(4) Let A and B be positive set of the signed measure ¥ oL (X, )7 Which of the following
may not be a positive set? ’

(a) AUB (b) ANB (o) AAB (d) X - (AUB)

(5) Which of the following f : R — R is essentially bounded with respect to the Lebesgue
measure m? ' ' '

(a) f is continnous (c) fis differentiable
b) fe L () (d) none of these

_(6) Let F: L(R) = R be defined as F(z) = [g f(z)dm(z). Then the value of || Fii is
(a) 0 (b) 1. (c) o (d) 2

(7) Let p* be an oufer measure O X, and let {E,} be a sequence of pairwise disjoint subsets
of X. Which of the following is true? :

(a‘) p’* (Un E’ﬁ‘) S Zn ,U,* (Eﬂ} (C) 'IJ‘* {Un Eﬂ) = Zﬂ, #'* (E"'?—)
(0) 2 (Un Bn) = 2on wH(Ep) (d) none of these '

(8) Let F" be the cumulative distribution function of a finite Baire measure p on (R, %). Which
of the following is true? '

() F is unbounded () tim Fz)=0
. . . =]
(b) Fis differentiable (d) EIPOO Fz) =0

(.2 Attempt any Seven. ‘

(a) Let f be a function such that both |f| and 2 are measurable. Show that f need not be
measurable. '

(b) Show that every o- finite measure space is saturated.

~ (c) Show that (X, P{X ),n) is & complete measure space.

(d) Let (X, & ,v) bea signed measure space. If A € o and v{A) < 0, then show that A may
" not be a negative set. ' '
(e) 1f vy and vy are finite signed measures on {X, &), then show that [v1 + va| < ||+ |val.
(f) Tf f is essentially hounded, then show that f is Anite a.e. [p] on X.
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(g) If f and g are measurable, f = g a.e. () on X and if f € LP{p), then show that g € LP(u),
where 1 < p < 00. '
() et pt* be an outer measure. If £ and B, are - measurable subsets of X and if NEy =@,
then show that p* {7 U ) = p*(B1) + p* (). .
(i) Let p* be an outer measure on X. Tf A ¢ X and p'(A) = 0, then show that A is p*-
- measurable.
Q.3

a) Let (X, &) be a measurable space, and let D be a dense subset of R. Suppose that for each
o € D there is an associated B, € & such that Ba C Bas whenever o < . Show that
there is a unique measurable function f on X such that f < @ on B, and f > aon Bg for
every o € D. '

(b) Let (X, ) be a measurable space and f be a nonnegative measurable function. Show that
there is sequence {s,} of nonnegative measurable simple functions such that s, < snp1 for
all n and s,(z) — f{z) asn — oo for all w € X '

On

{by Let (X, ,p) be a measure space, and let {f,} be an increasing sequence of nonnegative
measurable functions on X. Show that [( lim f)dp = lim [ fndps. '

Q.4 ¥ moeo n—co

(¢) Let v be asigned measure on a measurable space (X, &), and let Iv € & with0 < v(E) < oo.
Show that F contains a positive set A with v(A) > 0.

{d) Let f be an integrable function on a measure space (X, ). Define v on & by v(E) =
[ fdu, Ee . Find a Hahn decomposition and the Jordan decomposition of v.

OR ' ‘

(d) Let v and p be o- finite measures on a measurable space (X, &), and let v < p. If fis
a nonnegative measurable function on X, then show that [ pldv = fE f [j—;]dp for every
Eed

Q.5

(e) Let (X,#7,p) be a finite measure space, 1 = p < 00 and g be such that Eli + % = 1. Suppose
that ¢ is an integrable function on X satisfying ] Jx g(pd,ul < Mljpl|, for some M > 0 and
for all measurable simple functions . Show that g € L(p).

(£) Show that (L(u), Il - |} is complete.

: . OR .

(f) Let 1 < p < oco. Let f € LP(u), and let € > 0. Prove that there is a measurable simple
function ¢ vanishing outside a set of finite measure such that {if — i, <e

Q.6 ‘

{g) Let pu* be an outer measure on X Show that the collection B of all u*- measurable subsets
of X is a o- algebra. ' )

(h) Let g be a ¢- finite measure on an algebra A of subsets of X, and let 1* be the outer
measure induced by p. Show that a subset £ of X 1s (u*)- measurable if and only if £ can
be expressed as a difference = A — B, where A is an Ags- set and p (B)=0.

OR

(h) Let u be a o- finite measure on an algebra A, and let p* be the induced outer measure.
Tet B be the o- algebra of all (1*)- measurable subsets of X, and let B’ be the smallest o-
algebra of subsets of X containing A. Show that the restriction of & to B is the unique
extension of p to B
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