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Q.1 Choose the correct ontion for each of the following. 18]
1) Let 1 < p < g < oo Which of the following is true?

(a) LP[0,1] C L9[0,1} (b) LF[0,1] D L90,1] (c) LP{0,1] = L%]0,1] (d) none of these

(2) Let £y and £ be subsets of a normed space X. Which of the following is true?
(a) If By is open, then Fy U Fy is open.
(b) If Ey is open, then By + s is open.
(¢c) B1+ Fg is closed if and only both £; and Ey are closed.
{d) If By is compact, then By U E» is compact.
" (3) Let {0} # X and Y be normed spaces, and let 7' : X — Y be linear and continuous. Let
a=sup{||Tz| : §z] < 1} and 8 = sup{||Tz| : x| = 1}. Wkich of the following is true?

(a) a<||T| by a< g {c)a>f (d) none of these

{4) Let f be & nonzero linear functional on a normed space X. Which of the following is true?

(a} [ is continuous (c) f is a closed map
(b) f is onto (d) none of these
(5) Which of the following is a Banach space with the sup norm?
(a) coo (c) P[0, 1]
(b) C*[0,1] @) {fecpo,1: f() =0}
(6) Let Dy(z) = > 7 . ¢®®. Then the value of limp e Dpm(n) is
{a) 0 by 1 (c) 4 {d) =
(7} Let T' be the Fredholm integral operator with continuous kernel &7 Which of the following
is true?
(@) Tl = liklleo () 1T > ll&lloo (¢} [k oklloo > [[K]|Z, (d) none of these
(8) The dual (coo, | - loo) I8 isometrically iscmorphic to
(a) £1 (b) ¢ (¢) £7° (d) ¢2
Q.2 Attempt any Seven. [14]

(a) Let ¥ be a closed subspace of a normed space X. If a sequence {z, +Y) in X/Y converges
toz +Y ¢ X/Y, then show that there is a sequence (y) in ¥ such that z, + vy, — z.

{b) Show that the closure of a convex set in a normed space is a convex set.

(c} Let (X,||- |}) be a normed space, and let f be a nonzero linear functional on X. Show that
F(E) is an open set for every open subset E of X.

(d) Let f: (coo, || * lloo) — K be f({(z(k))) = >_i_; z(k). Find the norm of f.

{e) Let X and Y be normed space, and let & C BL(X,Y). If . is unbounded at some z € X,

then show that & is unbounded at every z in a dense subset of X.
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(f) Let Z be a closed subspace of a normed space X. Let Q@ : X — X/Z be Q(z) =z + 2.
Show that ) is an open map.
(g) Let P be a projection on a normed space X. If P is closed, then show that both Z(P) and
R(P) are closed in X.
(h) Define weak convergence of a sequence of a normed space. Show that weak limit of a
gequence is unique,
(i) Let I’ be the transpose of F € BL{X,Y’). Show that [[F'|| = || F].
Q.3
a) Let {y1,¥2,...,Um} De a basis of a normed space X. For n € N, let =, = kniy1 + knay +
oo F knmym and T = kiy1 + koya + - + knYm, where k;; and k; are scalars. Show that
tn —  if and only if kn; — kj for all § =1,2,...,m. Also, show that {z,) is bounded if
and only if each (kp;) is bounded.
{b) Let X be a normed space. If the set {z € X : fz|| £ 1} is compact, then show that X is
finite dimensional. State the results you use.

OR
(b) Let ji- || and || ' be norms on a linear space X. When is || - || called stronger than || - ||'?
Show that ||+ || and | - ||’ are equivalent if and only if there are positive constants @ and S

such that o - < |- I/ < 1 - |
Q.4
(c) State and prove Hahn-Banach Separation Theorem.
(d) Consider X = {z € C[-n,n] : #(—7) = x(x)} with the sup norm. Show that the Fourier
series of every = in a dense subset of X diverges at 0.
OR

(d) Let ¥ be a closed subspace of a normed space X. Show that X is a Banach space if and

only if both ¥ and X/Y are Banach spaces. State the resulf you use.

Q.5 :

(e) (@) Let X and ¥ be normed spaces, and let F: X — Y be linear. Suppose that Z(F) is
closed in X. Let F: X/Z — Y be F(z+ Z(F)) = F(z). Show that F is an open map
if and only if Fisan OpeEn map.

(&) If X is a Banach space with the norms || - || and [} - |/, then show that either { - {| and

| 1| are equivalent or they are not comparable.

{f) State and prove Closed Graph Theorem.

OR
(f) Show that (Cla, b, |l - 1) and {Cta, b}, || - [lec) are not Banach spaces.
Q.6
(g) Let X be a normed space. If X' is separable, then show that X is separable. Is the converse

true? Justify.
(h) Show that weak convergence implies weak™®- convergence. Also show that every bounded
sequence in X' has a weak*- convergent subsequence.

OR

(h) () Let 7" € BL({X,Y). Show that T is not bounded below if and only if there is a sequence
' (z,) in X such that ||z,|| =1 for all n and ||T'z,|| — 0 as n — 0.

(F) Let T € BL(X). If A € 0,(T), then show that || < infpen [T %
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