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Q.1 Choose the correct option for each of the following, 8]
1) Let X = {1,2,3}, and let U = {{1},{2}}. Then the number of elements in the smallest o-
algebra on X containing U is

() 2 (b) 4 () 6 (d) 8

(2) Let (X, &) be a measurable space, and Jet f: X — [—00,00] be a function. Which of the
following implies that f is measurable?

(a) f? is measurable (¢} f is one one
(b} |f] is measurable - (d) None of these

(3) Let 6o be the point mass measure at 0, and let m be the Lebesgne measure. Let v =dp—m.
Thea v{[-1,1])=.........

(a1 (b) -1 (c) 2 {(d) none of thése

(4) Let v be a signed measure and y be a measure on (X, ). Which of the following implies
that v =07

{a) v i ) vlp " {e) p=0 (@ vgpandy ip
{5) Let f,g € L*(u). Then fgis in
(a) L'(p) (b) L*() (¢} L®(m) {d) ﬁone of these

(6) The concept of product measure makes use of ... ...0s

(a) Radon-Nikodym Theorem (c) Cumulative Distribution Function
(b) Caratheodory’s Extension Theorem (d) None of these

{7} If u* is an outer measure on X and E ¢ F ¢ X, then which of the following is true?
(8) () <p*(F) (o) p(B) S pE)(©) pB) Z pt(F) (@) pr(B) > p ()
(8) Suppose f € L®(u) with [|flleo = 1. Let g = f a.e.. Then
(2) flgleo <1 (b) Hgllec 2 1 (©) liglloo =1 (d) none of these
Q.2 Attempt any Seven. (14}

(a) Show that a measurable set contained in & set of o-finite measure is of o-finite measure.
(b) Show that the composition of a continuous function with & measurable function is measur-

able. @ c PT-0 ‘-)




(¢) Let f be a nonnegative measurable function on a measure space (X, p). It [ fdu =0,
then show that f =0 a.e. [u] on X.

(d) et v be a signed measure on a measurable space (X, ). Show that jv(E)| < |v|(£) for
all measurable set E. :

(e) Let v, A and 4 be o- finite measures on a measurable space (X, o ). If v < < M, then

show that [%] = [g—z] [%\—‘]

(f) If f is an cssentially bounded function on a measure space (X, %, 1), then show that

IS} < If oo @€ [ on X.
- (g) State a Density Theorem in LP- spaces, 1 < p < co.

(b} Show that the outer measure induced by & measure on an algebra is regular.

{i) f F is a cumulative distribution of a Baire measure y, show that limg— oo Fz) = 0.

Q.3 .

(a) State and Prove Lebesgue Dominated Convergence Theorem.

{b) Let (X, o) be a measurable space, and let D be a dense subset of R. Suppose that for each
o € D there is an associated B, € o such that B, C B, whenever a < o'. Prove that
there is a unique measurable function f on X such that f<aonByand f> oon B for
every @ € D,

OR

(b) State and prove Fatou’s Lemma. Just state whether this result can be obtained from
Monotene Convergence Theorem.

Q4

(c} State'and prove Hahn Decomposition Theorem,

(d} State and prove Lebesgue Decomposition Theorem.
' OR

(d) If v is a signed measure on a measurable space (X, &), then show that there exists unique
measures ¥ and ¥z on (X, &) such that v = 1 ~ vy and 11 L 1. -

Q.5

(e) Suppose that (X,.e, 1) is a ¢- finite measuze space. Let 1 < p < oo, and let g € R be such
that %+% = 1. For g € I9(y), define Fy : LP(u) - R by Fy(f) = [y fadu for all f € LP(u).
Prove that Fy is a continuous linear functional on LP(u) and [[7,|| = [lg) "

(f) State and prove Minkowski’s inequality. Further, discuss when equality holds,

OR

(f} Show that (L°°{x), ]| - ||.) is & normed algebra.

Q:6

(g) State and prove Caratheodory’s Extension Theorem. :

(h) Prove that the restriction of the outer measure to the collection of all measurable sets is a

complete meastire.
' OR. .
{h) Suppose that g is a measure on an algebra A and ©* is the induced outer measure, Prove
that p* = p on A. Also, show that every member of A is measurable.

Wbt
— -

©,

(6]
[6]

(6]

[6]
[6]

[6]

(6]

(6]




