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Q.1 Choose the correct option for each of the following. [8]
(1) Which of the following functions is not integrable over (N, P(N),)?

(a) fln) =3 (b) f(n) = 5 () fn) =5 (d) f(n) =5
(2) Which of the following is not a o- finite measure space?
() (N,P(N),) () ®RDm) (o) RZm) () (R PR)n)

(3) Let m be the Lebesgue measure. Consider the signed measure v = & —m on (R, M).
Which of the following is a positive set for »7

(2) Q (b) {0, 1] ©R-Q (d) [1,2]
(4} Let n be the counting measure and u be a measure on (R, ). Which of the following
is true? ‘
(a) 7 L p (b) n < p () p < (d) ptn < p

(5) If f(z) =sinz for all z € R, then
(&) [Iflle =1 (b) §fllec =0 ©) Iflleo = =1 (d) §flloo =[-1,1
(6} Let 1 < p < g < oo. Which of the following is true?

(a) LP{R) C LY(R) () LP([0,1]) < L*({0, 13)
(b) L*(R) O LA(R) (&) £7((0,1]) > L7({0, 1)

(7) Let i be the counting measure and d be the Dirac measure concentrated at 0. Which
of the following is an outer measure on R?

{a) m (b) m + & (e} §o—n {d) n+ 8
(8) Let p* be an outer measure on X and F, F C X. Which of the following is true?

(8) p*(E) < (ENF) (c) p(BUE) > p(E)
(b) " (FUE) < p*(E) (d) p{EUF) < pH(F - E)+ p*{(E - F)
Q.2 Attempt any Seven. i14]

(a) Show that.the measure space (R, 9, m) is complete.

(b) Show that every o- finite measure space is saturated.

{¢) If f be a nonnegative measurable function on a measure space (X, o, p) and if
[y fdu = 0, then show that f =0 a.e. [} on X,

(d) Show that every measurabie subset of a positive set is a positive set.
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(e) If v is a signed measure and 4 is a measure on a measuwrable space (X, &), v L u
and v < u, then show that v = 0, ‘

(f) If f is essentially bounded, then show that f is finite a.e. (1] on X,

(g) Let f:R—= Rhe f = Xppq- Caleulate || ], for all 1 < p < no,

(h) Let £ C X and *(E) = 0. Show that £ is measurable.

(i) Let 12 be a measure on an algebra 4 of subsets of X, and let 1" be the induced outer
measure. If A C X and ¢ > 0, then show that there is an A,- set B with £ O A such
that p*(E} < p*(A) + e

Q.3

(a) Let (X, 27) be a measurable space, and let I be a dense subset of B, Suppose that
for each o € D there is an associated B, € & such that By C B, whenever a < o'
Show that there is a measurable function S on X such that f < aon B, and f > o
on B for every a € D.

b) Let (X, #, 1) be a measure space, and let {/,} be an increasine sequence of nouneg- -
) lJn g q

ative measurable functions on X converging to a function f {pointwise) on X. Show
tl ’ = lm |, .
1at f,\ fdp nh—l}l;o f)\ Sudp
OR

{b) Let f be a measurable function on a measure space (X, &/, 11). Show that [ fdu =0
for all £ € & if and only if f =0 a.e. {11] on X.

Q.4

¢) Let v be a signed measure on a measurable space (X,.), and let E € & with
0 < v(E) < co. Show that E contains a positive set A with v(4) > 0.

(d) Let v be a measure and # be a o- finite measure on a measurable space (X, o},
and let » < p. If f is a nonnegative measurable function on X , then show that
Jofdv = [g f1%]dy for every E € o

OR

(d) Let v and u be o- finite measures on a measurable space (X, &). Prove that there

exists a pair of measures vy and vy such that 1 L vy L pand v =y + 4.

) If 1 <p < oo, then show that LP() is complete.
) Let 1 < p < oo Let f € LP(u), and let € > 0. Prove that there is a measurable
simple function ¢ vanishing outside a set of finite measure such that 1=l <e

(f) State and prove Holder’s inequality.

Q.6

(g) Let u be a o- finite measure on an algebra A of subsets of X, and let ;* he the outer
measure induced by p. Show that a subset E of X is {(p*)- measurable if and only if
£ can be expressed as a difference £ = A — B, where A is an Ags-set and @*(B) = 0.

(h) Let p* be an outer measure on X. If { £, } is a sequence of pairwise disjoint measurable
subsets of X' and A C X, then show that ), y*(ANE,) = p* (AN (U, E.)).

OR

h) Let ¢ be an outer measure on X. Show that the collection B of all 1*- measurable
/

subsets of X is a o- algebra.
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