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Q.1 Fill in the blanks. 18]
1) Let A= {X + & :m,n € N}. Then m*A is
(a) 0 (b) 1 (c) 2 (d) oo
(2). For n € N, let E, = [n,n -+ 1]. Then Mg Fn) equals
(a) 1 (b) 2 (4 (d) oo
(3) Let ¢ = 1x,, 4 + 3Xu - Then the value of fois
(a) 1 (b) 2 (93 (d) 4

(4) For n € N, let f, = X 1y and let f be the limit function of {fn}. Let a =
lim,, in,H frand 8= f[o,l] f. Then

(a) p=1 (b) a=p (c) < B d) a>p
(5) Let F have measure 0, and let f (z) = oo for all z € E. Then Jofis
(a) 0 (b) 1 (c) 2 (d) o
(6) If f is integrable over K, then the value of fe1flis
(a) Jpf* (b) Juf~ : (c) fEf++fEf“ (d) fEf+*fEf—
(7) The total variation of f(z) = sin’z on [0,5] is
(a) 0 (b) |sini| (c) m (d) 1
(8) Which of the following functions is not absolutely continuous on [0, 1}7
(a) 2? (b) ¢° (c) sind (d) cosz?
Q.2 Attempt any Seven. | [14]
(a) If E C Ris a Gjs- set, then show that £ is an F,- set.
(b) If E is a countable set, then show that m* L = 0.
(c) If f; and f are measurable on F, then show that max{f, f2} is measurable.
(d) Tf @ is a measurable simple function vanishing outside a set of finite measure and if

¢ > 0, then show that [¢ > 0.
(e) Let f be a bounded measurable function defined on a set of finite measure E. If f > 0
ond if F is a measurable subset of E, then show that [, f < [ f.
(f) If a nonnegative measurable function f is integrable over F, then show that f is
integrable over every measurable subset of k.
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(g) If f is integrable over £ and if ¢ € R, then show that fpef=cfp ]
(h) If  : [a,b] = R is of bounded variation, then show that f is bounded.
(i) If f is absolutely continuous on la,b} and o € R, then show that af is absolutely
continuous on |a, b|.
Q.3
(a) Show that the outer measure of an interval is its length.
(b) If f and g are real valued measurable functions on E and if ¢ € R, then show that

both ¢f and f + ¢ are measurable. OR
(b) If {f.} is a sequence of measurable function on a measurable set ¥, then show that

liminf, f, and limsup,, f, are measurable.

Q.4

c) Let f be defined and bounded on a measurable set & with mf finite. Suppose that

infrey [p¥(z)dz = supss,, [, @(x)dz, where @ and ¢ are simple functions. Show
that f is measurable.

(d) Let {f,} be a sequence of measurable functions defined on a set E of finite measure,
and let |f,| < M on E for all n € N for some M > 0. If f(z) = lim, Ju(@) for each z
in E, then show that [ f = lim, fp f.

OR
(d) I f and g are nonnegative measurable functions on a measurable set E, then show

05 that [(f +g) = fEf+ng-

(e} Let f be a nonnegative function which is integrable over a measurable set I. Show
that given € > 0 there is § > 0 such that f . f < e whenever A is a measurable subset
of E with mA < 6.

(f) Let {f.} be a sequence of measurable functions that converges in measure to f on
E. Then show that there is a subsequence {f, } of {f.} that converges to f almost

everywhere on F. OR
(f) If {f.} is a sequence of nonnegative measurable functions and folz) =+ f(z) almost

everywhere on a set E, then show that [ f < liminf, [, fn.

Q.6

(g) Let f be an integrable function on [a,b], and let '(z) = F(a) + [7 [ for all z € [a,b).
Show that F'(z) = f(z) for almost all z in {a,b).

(h). Show that a function f is of bounded variation on [a, b} if and only if f is the difference
of two monotone real-valued functions un [a, b]. '

OoR

(h) Let f be integrable on [a,b]. Show that [ f(t)dt = 0 for all z € [a, 8] if and only if

f=0ae. in |a,b
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