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Q.1 Fill in the blanks. | - 8]
(1) Let A= (0,1) and B = [0,1] — Q. Which of the following is true? '
(a) mA<m’B  (b) m*A>m*B  (c) m*A= m*B  (d) none of these
(2) ForneN, let B, = [-2.1]U 2,2+ % L1 Then m{(),"; Fn) c-qlwlq
(a) 1 (b) 2 ' 4 (d) o0
(3 )Letf {O 1] — R be defined as f{z )Mllfﬁ?ER (@aﬂdf(:c)—()ﬁwe@ The
the value of the Lebesgue integral f o flz)dz is :

(a) 0 (b) 1 @2 (d) oo
(4) The value of lim. [ e*z™dz is __
n—}oo[o 1 _
 (a) O M1 (@)oo 7 __ - (d) none of these
(5) ‘Which of the following is true for a function fr
W= A= @ = @ l= -

(6) Let f be measurable on E. Which of the following implies that f is mtegrable over
- B7 .

(a) | f | is integrable " (c ) ft is integrable
(b) f* is integrable : (d) f+ or f~ is integrable
(7) The total variation of f(z) = sinz on [O £lis | o
o O sy . @r @1
{(8) If f: [a,b] — R, then which of the following is true?-
(6 TE=PL-NG () TE= B NE (0 T=—PRe NG (@) 12 = P2 N2
Q Attempt any Seven. . ' [14]
Let E C R and m*E = 0. Show that F is measura,ble

(a)

{(b) Show that [1,2] is & G- set.

(¢) If | f| is measurable over R, then show that f need not be measurable.
(@)

If f is a nonnegative measurable function over a measurable set &' and zf [ f B = {),
then show that f = 0 a.e. on E. .
(e) If f is.a bounded measurable function deﬁned on a set of finite measure &, then show
that UEf|<fE (f]- :
1 LTD




" (f) Let {f.} be a sequence of nonnegative measurable functions deﬁnod on a measurable
set B and f, = f on . If f, < f for each n, then show that [, f = lim, |, = fa-
{g) State Lebesgue’s dominated convergence theorem
(h) If f: [a,b] — R is decreasing, then show that f is of bounded variation.
(i) Show that every absolutely continuous function is continuous.

Q.3

(a) Define outer measwre of £ C R. If By, E»,..., E, are measurable, then show that

Ur_1 By is measurable. :

(b) Let E be a measurable set. When is a function f : B — [—00, 00| called measurable?
Show that a function f: E —+ [—oo0,00] is measurable if and ouly if the set {z ¢ B :
f(z) < r} is measurable for every r € (),

(b

Q.
{c

R

Prove that [0, 1] contains a nonmeasurable set.

\_/;.,‘L

Let f be defined and bounded on a measurable set B with mZ finite. Suppose that
inf f ey fE Y(2)dr = supps,, [ p(x)dz, where @ and 1 are simple functions. Show
that f is measumble

(d) If  and ¢ are measurable simple functions vamshmg outside a set of finite measure,

then prove that- f {p+) f o+ [ .

OR
(d) If {fa} is a sequence of measurable functions that converge to a real valued function

J a.e. on a measurable set E of finite measure, then show that given € > 0, there is a.

measurable subset A C F with mA < ¢ such that { fn} converges to f u111f01mly on
E—- A :
Q.5 . ' o
(e) Let {un} a sequence 0{ nonnegative measurable functions defined on a measurable set
E. Prove that [,(3°07  wn) = 307 [o%a. State the results you use.
() If f and ¢ are 111’{eg1able over E, then prove that f + g is integrable over & and

Jsf+a)=[pf+ [z0 OR

(f) When do we say that a sequence { f,, } converges in measure? Let {f,} be a sequence of
measurable functions that converge in measure to f. Show that there is a subsequence
{fn.} that converges to f almost everywhere.

Q.6 . .

(g) Let f be an integrable function on [a, b], and let F(z) = F(a) + [Zfforallz € la,b].
Show that F'(z) = f(z) for almost all z in [a, b]. ‘ '

(h) If f is absolutely continuous on la, b]; then show that f is of bounded variation on
a, b. Is the converse true? Justify.

OR .
(h) If f is integrable on [a,b] and [ j t)dt = 0 for all z € [a,b], then show that f =0
ae in [a, bl .
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