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Sardar Patel University,
. M.8c. (Mathematics) External Examination 20186; I.-5EM
Code:- PS01CMTHO3 : Subject - Functions of Several Real Variables;
Date: 18-10-2016, Wednesday; Time- 10.00 am to 1.00 pm ; Max. Marks 70

Note: Notations and Terminologies are standard.

Q.1 Choose correct option from given four choices. [08]
(i) Let # = (1,—1,2) and y = (—1,1,-2). Then {z,y) =
(a) 6 - (b) -6 - () 4 (dy —4

(ii) Let 2,y € R™ be orthogonal vectors. Then ||z +y|? =

(@) ll=ll + [yl (b) (lleil + llwh)? (e} Nzl + fwll® () llzllly
(iif) Let f : R — R be defined as f(t) = 3¢%. Then Df(2) =

(a) Ao (b) Mg (c) Aar (d) Ase
(iv) Define f: R? — R as f(z) = 2z16%. Then Dy f(0) =

(a) -1 (b) 0 (c) 1 .(d} 2
(v) Let 2 = (1,1). Define f: R? — Roas f(y) = y1 + y2. Then D, f(0) =
(a} 0 (b) 1 : (c) 2 (d) 3

(vi) Let @ € R™ and f : R® — R be continuous at a. Then

(a) Djf(a)exists forall 1 < j<n (c) Df(a) exists
(b} Dy f(a) exists for all z € R” (d) none

(vii) Let S € T*(V) and T € 75(V). Then 8 ® T belongs to

(a) T5(V) (b) 7°(V) (e) T3(V) (d) T*(v)
(viil) Let 7y and m3 be projection maps on RZ. Then 7} A g ==
{a) m@m—m®mr  (b) m&m+m@m () m ®m (d) m®@m
Q.2 Attempt any seven. [14]

(i) Prove that o+ y]| < 2] + ] (z,y € R™).

(ii) Let f,g:R™ —s R™ be continuous at a. Prove that f + g is also continnous at a.

(iif) Define f: R — R as f(z) = 1 + 3. Prove that Df (0} = m; using the definition.

(iv) Let o = (2,1) and f: R% = R be defined as f(z) = 2125. Find Df(a).

(v) Let f:R™ = R™ be differentiable at a. Prove that each F:R® - R is differentiable at a.

(vi) Let s € R, a,2 € R™ and f : R™ -+ R be differentiable at a. Prove that Doy f{a) = sDyf(a).
(vii) Give example of a function f : R? -+ R such that D, f (0) exist but Df{a) does not exist.
(viii) Define an inner product on a vector space V.

(ix) Let T € T#(R?) be defined as T{z,y) = z1y2. Find AW(T).
: (Continue on page-2)
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Q.3
(a) Let z,y € R™. Prove that |(z,9) = z||lyll iff « and y are linearly dependent.
(b) Let A C R” be closed, let f: A — R be a bounded function, and let € > 0. Then prove
that the set B = {x € A o(f;2) > €} is closed in R™.
' OR
(b) Let T: R® — R™ be a linear map. Prove that there exists an 7 x m matrix A such that
T(z) = zA (@ € R™). Further, if T : R? —s R? is defined as T'(x) = (21, 2z3), then find A
corresponding to 7.
Q4

(a) State and prove the chain rule.

(b} Let f,g : R* ~— R be differenﬁable at a and g{a) # 0. Then prove that -gf is also

differentiable at o and D(-gi)(a) = olaDf (‘;)(;));(“)D ole)
OR
(b) Let a = (m,§,1). Define f : R® —» R? as f(z) = (2 sin{xz), cos(zz), z2) {z € R®). PFind
the Jacobian matrix f’(a) and the derivation Df(a).

Q.5
a) Let f : R" —— R be differentiable at @ € R™. Then prove that Dy f(a) = Df(a)(z) and
Dgyyfla) = Dy f(a) + Dy f{a).
(b) Let f: R® — R™ be differentiable at a € R™ let 1 <4 < n,andlet 1 < j < m. Then prove

that the (4, j)tP-entry of the Jacobian matrix ['{a) is exactly the ¢**-entry of the Jacobian -

matrix ¥ (a).

OR
(b) Define f: R* — R by
o) = { T a0
0 (if z =0)

Prove that D1 f(0) = Dy f(0) = 0 but D f(0) does not exist for z = (1,1).
Q.6
(a) Let k € N and V be a vector space with dimension n. Prove that dim(7T*(V)).= n*.
(b) Let 8 € T*(V) such that Alt(S) =0 and T THV). Prove that Al4(S ® ) =0.

- OR
(b) Define "k-form” on R™. Let f : R® —3 R™ he differentiable. Then prove that

Froldm) =3 Diftdmy (1<i < m),
g1 '

THE END
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