SEAT No. No. of Printed Pages :
[ . — e

Sardar Patel Umversmy
. M.Sc. (Mathematics) External Examlnatlon 2018
Code:- PSOICMTH23 : Subject :- Functions of Several Real Variables;
Date: 12-04-2018, Thursday; Time- 10.00 am to 01. 00 pm ; Max. Marks 70

Note: Notations and Termminologies are standard.

Q.1 Choose correct option from given four cholces. o8]
(i} Let z,y'€ R™. Then

(a) {z,y) 20 L) {z,y3 =0 (¢) {z,yy <0 (d) none
(i) Which of the following is true?

(a) lim 5“;:” =0 (b) lim “2* =1 (¢) linzcos(2) =0 (d) none
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(iii) Let a = (2,1) and f: R? — R be defined as Flz) = 2129 Then Df{a) =

{a) mp -+ 7y (b) 2my + 72 (e} a4+ 2mg (d) none
(iv) Let f: R™ — R be differ entiable at ¢ ¢ R”?. Then which is false?

(a) D,f{a) exists for all z € R” (¢) Djf(ayexistsforall 1 <j<mn
(b) f is continnous at a (d) All are false..

(v) Let f: R® — R such that D f{a) exists for ali o € k™. Then

(a} f is continuous at a (¢} [ is differentiable ab o
(b) D;f(a) exists (1 < j <n) (d) None

(vi) Let f:R? — R be defined as f(z) = /|z122|. Then

(a) f is continuous only at origin (c) f is differentiable
(h) f is continaous (d) f is differentiable only at origin

(vii) Let & and T be k-tensors on V. Then

() S@T=T®S (©) S+T=T+8§
by §-T=T-5 (d) none

(viii) The dimension of TR is
(a) 81 (b) 12 (c) 64 (d) 7

Q.2 Attempt any seven. [14]
(i) Define Euclidean norm and inner product on R™
(i) Prove that ||z + gl < =l + Iy (z.y € RY)
(iif} Let T : R™ — R™ be linear. Prove that T 1s continuous,
(iv) Define f : R — R as f(z) = «® + 3z. Prove that Df(8) = Az
(v) If f:R® — R™ is differentiable at a, then prove that each ftis differentiable at a.
(vi) Define the differentiability of f: R™ —— R™ at a € R™.
(vii) Let f:R® — R and a,z € R®. Show that D f{e) = 8Dy J(a)(s € R).
(viii) Let T: (R3)? — R e T('c y) = 21 + 2. Does T € TZ(R*)? Why?
{ix) Define tensor product and wedge product.

CPT.04




.3
(%a) Let 2,y € R™ Prove that {(z,y}| = ||z|/|ly]l ifl = and y are linearly dependent.
(b) Let A C B™ be closed, let f: A — R be a bounded function, and let € > 0. Then prove
that the set B = {z € A:0o{f;z) > £} is closed in R™
OR
(b) Define T(z) = (w1 +xy, 221 +z2) (z € B?). Find a matrix A such that T'(x) = zA4 (z € R?).

Q.4
(a) If & function f: R™ — R™ is differentiable at a € R™, then there exists a unique linear
transformation ) : R™ -— R™ such that

et B = (@) = Al

Py 7] -0

(b) Let f,g:R? — R be differentiable at ¢ € R". Then prove that f¢ is differentiable at a.
OR
(b) Statec and prove the chain rule.
Q.5 .
a) Let f:R" — R™ be differentiable at a € R". Then D; f*(a) exists for all 1 < ¢ < m and
for ali 1 < § < n. Moreover, the Jacobian matrix

Dif*(a) Daof'a) - Dnfl(a)
; Dif*(a) Daof*a) -+ Duf?a)
S
Dyf™a) Dof™a) - Dnf™a)
(h) Prove that every continuously differentiable function is differentiable.
OR
(b) Find the derivation of f{x) = (@1, cos{@azs), x2) at a = (0,1, 7).

Q.6

(a) Let V be a vector space with dimension n and k € N. Prove that dim{7*{V)) = n.

(b) Let S € T*(V) such that Alt(S) = 0 and 7 € TYV). Prove that A{S ® T} = 0.
OR

{b) Let f:R" — R™ be differentiable. Thes prove that

.

Fualdm) = Diftdmy (1<i<m).
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