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Instruction : The symbols used in the paper have their usual meaning, unless specified.

Q: 1. Answer the following by choosing correct answers from given choices.

(1] Every Cauchy sequence is _
[A] convergent  [B] is not always convergent  [C] divergent  [D] none

[2] A cluster paint of the sct {3, 3, 55, - }is

A] 0 B] 1 €] 2 D] 3

[3] For a non-cmpty set X, a function d defined by d: X' x X — R where

.'f,
dayy) = -
-1 whenz =y
is

fA] a usual metric [B] a discrete metric {C] an indiscrete metric  [D] none

[4} In a metric space {M, p), its subsets M and ¢ are
[A] open but not closed [B} closed but not open
[C] open as well as closed " [D} neither open nor closed

[5] In which of the following every closed subsct is open also?

[A] R* (B] Rq [C] R? D} C
[6] In the metric space M = [0,1] with usual metric, B[}, 1] =

[A] [0, 3] [B] (5, 1) (€1 (0,3) D} (0,3)
[7] If |f(z) — f(y)] < 0.9z —y| Ya,y € R, for a function f : R* - R' then on

R, fis

[A] a contraction  [B] a homeomorphism  [C] discontinuous  [D] none

[8] For asubset A= {-2,0,2} of: R', diam(A) =
(A] O (B] -2 (€] 2 (D] 4

[9] If there is atleast onc open cover of a metric space M which does not admit
2 finite sub cover then M
[A] is compact [B] has Heine-Borel property [C] is not compact {D] none

[10] The range of a continuous function f defined on [1,2] is
[A} unbounded [B] compact [C! disconnectod (D! none

707
@

10




Q: 2.
1]

[2]

(1]

Q: 3 [A]

[B]

Answor TEN of the following.

Show that if {, }22, is a convergent sequence in Ry then there exists a positive
integer N such that oy = Iyi1 = Tyge = ..

Define d: R — R by d{z, v) = |2? —?|. Cheek whether d is a metric or not.
)

Show that p: R x R — R, defiued by p{z,y) = |z — y|, is a metric on R
Let A and B be subsets of a metric space M. If A C B, then prove that
AcCB.

Define © (i) Counected Set (i) Characteristic function

Prove that in any metric space (A4, p), the set M and ¢ are closed sets.
Define : (i) Bounded set (i) Diameter of a set

Let 71 [0, 4] = [0, 3] be defined by T(z) = 2*, Vz € [0, 3], Prove that 7 is a
contraction on [0, 3.

Prove that every contraction mapping is continuous.
Show that a finite subset of By is compact.

Show that the range of a continuous function, on a compact metric space, is
hounded.

Cive an example of a function which is one-one, onto, continuous but its

inverse is not continnous.

Define Cauchy sequence. Also prove that if {s, }52 , is a convergent sequence

of points in a metric space (M, p) then {s,}52, is Cauchy. Is the converse

truc? Justify.

Let (M, d) be a metric space and let di(z,y) = M Then prove that
T+d{z,y)

ds is a metric on M

OR

Let (M, p) be a metric space and fet a be a point in M. Let f and g be
real valued functions whose domains are subsets of M. If lim f(x} = L and
L—1
lim g{2) = N then prove that  lim [f(x).g(z)] = lim flz). lim g{x)
T W L=ra

T

prove that a real valued function f is continuous at o € [ iff whenever (2,12,
is a scquence of real numbers converging to a then the sequence {flza) b2
converges to f(a).
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Q: 4. Lot (M, p) be a metric space and let A be a subsct of M. Then prove that, if
A has cither one of the following property it has the other.
(a) It is impossibie to find nonempty subscts A; and Ay of M such thaf
A=A UA, AANA =¢, A1 Ar = ¢
(b) when (A, p) is itsclf regarded as a motric space, then there is no set except
A and ¢ which is both open and closed in (A4, p).

OR

Q: 4 [A] If (M, p) is a metric space and A is a proper subsct of M then prove that the
subsct G4 of A is open in {4, p) 4ff there oxists an open subset Gy of M such
that Ga = ANGy.

[B] Prove that a subsct G of the metric space M is open iff compliment of G is
closed.

Q: 5 [A] Let (A7, p} be a motric space. Then prove that a subsct A of M is totally
bounded iff every scquence of points of A contains a Cauchy subsequence.

B If the subsct A of the metric space (M, p) is totally bounded, then prove that
A is bounded.

OR

Q: 5 [A] If (M, p) is a complote metric space and A is a closed subset of M, then prove
that (A4, p) is also complete.

[B] State and prove Picard’s fixed point theorem.

Q: 6 [A] If M is a compact metric space, then prove that M has the Heine-Borel
property. ’

(B} If a real valued function f is continuous on a compact metric space M, then
prove that f aitains the maximum and the minimum values at some points
of M.

OR

Q: 6 [A] Let f be a onc-one, continuous function on a compact metric space (M, p1)
onto (M, pa). Then prove that f~! is continuous and henee f is a homceo-
morphism of M; onto Ms.

[B] Prove that if f is a continuous function from a compact metric space Ay into
a motric space My then the range f(M)) of f is also compact.
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